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Abstract

Context: Before autonomous vehicles being a reality in daily situations, outstanding issues regarding
the techniques of autonomous mobility must be solved. Hence, relevant aspects of a path planning for
terrestrial vehicles are shown.
Method: The approached path planning technique uses splines to generate the global route. For this
goal, waypoints obtained from online map services are used. With the global route parametrized in the
arc-length, candidate local paths are computed and the optimal one is selected by cost functions.
Results: Different routes are used to show that the number and distribution of waypoints are highly
correlated to a satisfactory arc-length parameterization of the global route, which is essential to the
proper behavior of the path planning technique.
Conclusions: The cubic splines approach to the path planning problem successfully generates the
global and local paths. Nevertheless, the use of raw data from the online map services showed to be
unfeasible due the consistency of the data. Hence, a preprocessing stage of the raw data is proposed to
guarantee the well behavior and robustness of the technique.
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Resumen
Contexto: Antes que los vehı́culos autónomos sean una realidad en situaciones cotidianas temas pendientes de las técnicas de movilidad autónoma deben ser resueltos. Por eso, en este artı́culo es presentado
una técnica de planeamiento de trayectorias para vehı́culos terrestres.
Método: La técnica de planeamiento de trayectorias utiliza splines para generar la ruta global. Para
eso, se utilizan puntos obtenidos por servicios en lı́nea de mapas digitales. Sobre esta ruta global,
parametrizada por el arco de la distancia, son generadas rutas locales y seleccionada una trayectoria
optima por diferentes funciones de costo.
Resultados: Diferentes rutas de pruebas se utilizan para mostrar que el número y la distribución de
los puntos de la ruta global están altamente correlacionados con una parametrización exitosa en el arco
de la distancia de las splines, lo cual es esencial para un correcto funcionamiento de la técnica de
planeamiento de trayectorias.
Conclusiones: El enfoque splines cúbicas al problema de planificación de trayectoria generó correctamente las trayectorias globales y locales. Sin embargo, el uso de los datos en bruto de los servicios de
mapas en lı́nea demostró ser inviable debido a inconsistencia de algunos datos. Por lo tanto, se propone
una etapa de preprocesamiento de los datos en bruto para garantizar la robustez de la técnica.
Palabras clave: Planeamento de Trayectorias, splines, , arco de la distancia, espacio curvilineo.
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Introduction

Recent technological advances have allowed the implementation of autonomous vehicles and
complex driver assistance systems (ADAS) at academy and industry. Although those advances
improved the safety and robustness of the autonomous vehicles and systems, there are still several
problems, mainly related with safety and liability, far to be completely solved.
The cognition aspects of a mobile vehicle is intrinsic related to its mobility capabilities, which
are studied by the robotics navigation field ( [13]). The navigation field organizes its techniques
into two groups, which are planning and reacting. The techniques from the planning group are
known as global path planing and are concerned with the generation of the global route that guides
the vehicle toward a goal position. The techniques from the reacting group are known as local path
planning and are concerned with the generation of several local paths that allow the vehicle to avoid
obstacles ( [3], [6]–[8], [18]).
The design of the autonomous vehicles of the Autonomous Mobility Laboratory (LMA) from
the Mechanical Engineering Faculty at Unicamp is developed on a FIAT-PUNTO platform called
Veı́culo Inteligênte do LMA1 (VILMA). The architecture of VILMA follows the model described
by [13], i. e., it has the blocks of perception, planning and control. The VILMA’s architecture is
shown in figure 1 and, in gray color, it is stands out the planning block tackle on this paper. We
remark that this is an extended version of a short paper recently published in the Workshop on
Engineering Applications - WEA2015 - that was held in Bogota, September 2015 ( [4]).

1

English translation: LMA’s Smart Vehicle
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Figure 1. Architecture of the autonomous vehicle

Figure 2. Global route and candidate paths

This paper is organized into three sections. The first section exposes the path planning algorithm
for terrestrial vehicles adopted by LMA, the second section explains the techniques employed for
the generation of the global route from off-the-shelf software and the solutions adopted to solve
problems with the arc length parameterization of the curve of the global route, and the third section
presents conclusions.

2.

Planning algorithm

The main goal of the implemented algorithm is to generate smooth paths free of obstacles, that
start from an initial position and extend themselves oriented by the global route in direction of a
goal position. Figure 2 shows an example of a global route and a set of candidate paths.
The technique presented [3] is didactically divided into four stages, which are: construction,
localization, generation and selection.

2.1.

Construction

The construction stage, which belongs to the global planning, is responsible to construct the curve
of the global route. This curve extends itself over the center of the road from an initial position
until a target one. The curve of the global route is parameterized in the arc length distance s and
it is constructed by cubic splines from the waypoints of the road. The parameterization process
is divided into two stages, which are: the parameterization of the curve of the global route with
respect to any parameter; and its reparameterization to the arc length distance s. For convenience,
the parameter used in the parameterization of the curve of the global route is the cumulative distance
between the waypoints d.
2.1.1.

Parametrization of the curve of the global route with respect to the cumulative distance between the waypoints

Since the cumulative arc length distance s is an information not available in the existing databases,
parameterized curves with respect to the arc length (x(s), y(s)) can not be obtained by spline interpolation of the waypoints of the road at the first moment. In the literature there are several
190
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approaches that propose solutions for this problem ( [10], [16], [11]).
The strategy adopted to handle the arc length parameterization problem was parameterize the
curve of the global route with respect to the cumulative distance d between the waypoints and after
reparameterize it to the arc length
P distance s. Figure 3 shows, in red, the cumulative distance parameter d, from which dn = ni=1 di .
The equations of the curve of the global route parameterized with respect to the cumulative distance between the waypoints d are:
xi (d) = mx,i (d−di)3+nx,i (d−di)2+ox,i (d−di)+px,i
yi (d) = my,i (d−di)3+ny,i (d−di)2+oy,i (d−di)+py,i ,

(1)

where xi (d) and yi(d) are the Cartesian coordinates of the curve of the global route parameterized
with respect to the cumulative distance d, and m, n, o, p are the coefficients of the cubic spline
obtained by spline interpolation.
The global route curve parameterized with respect to the cumulative distance d is illustrated by
the blue line in figure 3. This curve was constructed by spline interpolation using the Cartesian
position (x, y) and cumulative distance d associated to each waypoint.

Figure 3. Global route in blue, cumulative distance parameters d in red and arc length parameter s

2.1.2.

Global route curve reparameterization with recpect to the arc length distance

Constructed the curve of the global route parameterized with respect to the cumulative distance d,
it is performed its reparametrization to the arc length distance s. To perform the reparameterization
it is necessary a function that maps from the space of the cumulative distance d to the space of the
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arc length distance s. This function is obtained by the integration below 2 ( [2]).
s
Z d
Z d  2  2
dx
dy
s(t) =
ṡ(t)dt =
+
dt,
dt
dt
0
0
where ṡ is the derivative of the arc length distance in terms of the parameter t, and
the geometric decomposition of ṡ in the x and y directions.

(2)
dx
dt

and

dy
dt

are

Using the function present above it is possible to obtain for each cumulative distance di the
associated arc length distance si . The table I shows an example of the process of the arc length
obtainment.
Table I. Example of arc length obtainment process

waypoints
W1
W2
W3
...
Wn

parameter d arc length s
0
0
d1
s1
d2
s2
...
...
dn−1
sn−1

With the waypoints and their associated arc length distance s another cubic spline interpolation
is performed to obtain the curve of the global route parameterized in the arc length s. The dataset
organization is presented in table II, in which one spline interpolation is performed upon the x
dataset to generate x(s) and another is performed upon the y dataset to generate y(s).
Table II. Example of arc length obtainment process

waypoints x dataset
(x1 , y1 )
(0, x1 )
(x2 , y2 )
(s1 , x2 )
(x3 , y3 )
(s2 , x3 )
...
...
(xn , yn ) (sn−1 , xn )

y dataset
(0, y1 )
(s1 , y2 )
(s2 , y3 )
...
(sn−1 , yn )

In the example presented for the parameterization of the curve of the global route with respect
to the arc length s, it was used the original waypoints - the ones used in the construction of the
curve of the global route parameterized with respect to d - and their arc lengths s. However, since
the equations of the curve of the global route parameterized with respect to d, (x(d), y(d)), are
known, it is possible to obtain the arc length of any cumulative distance d and than perform the arc
length parameterization for any set of cumulative distances. For example, one global route curve
constructed with 100 waypoints can be reparameterized to the arc length with 200 waypoints or
with any quantity that is judge adequate. A discussion about the reparameterization resolution is
performed in Global Route section. The final equations of the global route arc length parameterized
2

For clarity and to avoid misunderstood the letter d was replaced by the letter t in the representation of the cumulative distance in equation 2
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is shown below.

xi (s) = mx,i (s − si )3 + nx,i (s − si )2 + ox,i (s − si ) + px,i
yi (s) = my,i (s − si )3 + ny,i (s − si )2 + oy,i (s − si )+py,i ,

(3)

where xi (s) and yi(s) are the Cartesian coordinates of the curve of the global route parameterized
with respect to the arc length distance s, and m, n, o, p are the coefficients of the cubic spline
obtained by spline interpolation.

2.2.

Localization

Dedicated to localize the vehicle with respect to the curve of the global route, the localization stage
computes the distance traveled sc by the vehicle and its lateral offset qc . The parameters sc and qc
are illustrated in Figure 4.

Figure 4. Vehicle localization

Figure 5. Curvilinear coordinate system, global route and
candidates paths represented in the Cartesian coordinate
system

To calculate the values of the parameters sc and qc it is performed the following minimization:
p
minimize
(xc − x(s))2 + (yc − y(s))2
s
(4)
subject to 0 ≤ s ≤ sf ,
where the parameters xc and yc are the position of the car in Cartesian coordinates, and the parameters x(s) and y(s) are a point on the curve of the global route in Cartesian coordinates. From the
minimization it is determined the arc length s of the closest point on the curve of the global route
to the vehicle and with it the parameters sc and qc are calculated ( [17]).

2.3.

Generation

Constructed the curve of the global route parameterized with respect to the arc length s and localized the vehicle, it is performed the generation of the candidate paths. The candidate paths generation is executed in real-time and it is known as local planning. The candidate paths are initially
generated in a curvilinear coordinate system defined by the parameters sc and qc and subsequently
mapped to the Cartesian coordinate system of the global route. The curvilinear coordinate system s0q and a set of candidates paths represented in the Cartesian coordinate system are shown in
Figure 5.
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2.3.1.

Path candidates generation in the curvilinear coordinate system

The set of equations used to generate the candidates paths in the curvilinear coordinate system are
shown bellow:

a∆s3 + b∆s2 + c∆s + d si ≤ s < sf
q(s) =
qf
sf ≤ s

dq
3a∆s2 + 2b∆s + c si ≤ s < sf
(s) =
0
sf ≤ s
ds

d2 q
6a∆s + 2b si ≤ s < sf
(s) =
2
0
sf ≤ s,
ds
(5)
∆s = s − si ,

with

where function q(s) models the lateral offset q of the candidate paths with a cubic polynomial that
is function of the arc-length distance s. The parameters a, b, c, and d are the coefficients of the
cubic polynomial. This equation is designed to provide smooth candidates paths. The boundary
conditions necessary to determine the coefficients a, b, c and d are shown bellow:

q(si = sc )=qc
q(sf )=qf

dq
(si = sc ) = tan θc
ds
dq
(sf ) = tan θf = tan(0) = 0.
ds

(6)
The angle θc is defined as the difference between the vehicle orientation and the global route
curve orientation at the position specified by the arc length si = sc , ( [12], [15]).
2.3.2.

Mapping the candidate paths from the curvilinear coordinate system to the Cartesian
coordinate system

The mapping approach is divided into two stages. Firstly, it is determined the curvature k of
each candidate path in the Cartesian coordinate system. Subsequently, with the information of
the curvature k and the equations of the vehicle model, the position of the candidates paths in the
Cartesian system of the curve of the global route is computed. The curvature k of the candidates
paths in the Cartesian system of the curve of the global route is determined by the equations below
( [1], [18]).
S
k=
Q

2

(1 − qkb ) dds2q + kb dq
ds
kb +
Q2

2

s

!
; S = sgn(1 − qkb ) Q =

dq
ds

2
+ (1 − qkb )2 , (7)

where the parameter kb 3 is the curvature of the curve of the global route, and q is the lateral offset
of the candidate path. Both parameter are functions of the arc length distance s.
3
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The curvature of the curve of the the global route is easily obtained by

xb 0yb 00−xb 00yb 0
3

(xb 02 +yb 02 ) 2

.
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With the curvatures k of the candidate paths and using the differential equations of the bicycle
model ( [1], [14]), it is possible to determine the positions of the candidate paths in the Cartesian
coordinate system of the curve of the global route. The integration of the differential equations
bellow provides the positions of the candidate paths in the Cartesian system of the curve of the
global route ( [3]).
dx
= Qcosθ
ds

2.4.

dy
= Qsinθ
ds

dθ
= Qk.
ds

(8)

Selection

From the set of candidate paths one is selected to be followed by the autonomous vehicle. The
candidate path selected is the one that minimizes the linear combination of the three cost functions
show bellow. Theses equations attempt to represent the intrinsic and extrinsic safety of the vehicle
when following a candidate path.
J[i] = ws Cs [i] + wk Ck [i] + wc Cc [i].

(9)

The cost function J[i] holds the final cost assigned to the ith candidate path. This cost is result
of the linear combination of the three cost functions Cs [i], Ck [i], and Cc [i]. Each of the three cost
functions attempt to quantify the safety of the ith candidate path according specific criteria. The
parameters ws , wk , and wc are the weights given to the values of the cost functions in the linear
combination. These values are design parameters and must me tuned according project necessities.
The cost function Cs [i] is responsible to quantify the safety of the candidate paths. It verifies
each candidate path to check each ones are free of obstacle collision and each ones are not. For
the candidate paths that are free collision, the safety cost function Cs [i] assigned to each of them
a value related to how near or how far theses paths are from the obstacles. To compute the safety
cost of the candidate paths it is used a discrete Gaussian convolution shown bellow ( [3]):
Cs [i] =

N
X
k=0

c[k]g[i − k]

;



(∆q · i)2
1
exp −
,
g[i] = √
2σ 2
2πσ

(10)

where Cs [i] is the safety cost of the ith candidate path, N is the number of candidate paths, c[k]
is the collision detection of the kth candidate path, g[i] is a Gaussian with mean zero and standard
deviation of the risk of collision σ, and ∆q is the resolution of the lateral offset of the candidate
paths. The collision detection parameter c[k] is one for collision paths and zero otherwise. The
standard deviation σ is a design parameter and it will determine the effective range of the collision
detection for each path.
The cost function Ck [i] is responsible to quantify the smoothness of the candidate paths. It assigns
high values to paths that suddenly change their direction and low values otherwise. The equation
used to compute the cost associated to the smoothness of the paths are shown bellow ( [3]):
Z
Z
2
Ck [i] =
ki (s)dsp =
ki2 (s)Q(s)ds,
(11)
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where sp is arc length along the path, s is the arc length of the base frame, ki is the curvature of a
path ith.
The cost function Cc [i] is responsible to quantify the consistency of the candidate paths. It evaluates how different the current generated candidate paths are from the previous candidate path generated/selected and it assigns high values to candidate paths that are significantly different from the
previous one. The equation used to compute the cost associate to the consistency of the candidate
paths are show bellow ( [3]):
Z s2
1
Cc [i] =
li ds,
(12)
s2 − s1 s1
where li is the Euclidean distance between a point in the ith candidate path and a point in the
selected candidate path of the previous step with the same arc length of the base frame. With the
linearly combination of these three cost function one candidate path is selected to be followed by
the vehicle.

3.

Results

For the proper performance of the technique presented by [3] it is essential to obtain a curve of the
global route that is both representative of the real route and properly parameterized with respect to
the arc length distance s. The construction of a representative curve of the global route from cubic
splines is strongly correlated with the number and the distribution of the waypoints used. Likewise,
an appropriate reparameterization to the arc-length distance of the curve of the global route is also
strongly related with the number and distribution of the points used in the process, which does not
need to be the same number of the waypoints used in the construction stage.

3.1.

Construction of the Curve of the Global Route

In a market scenario of autonomous vehicles commercialization to the general public, it is coherent
to assume that the waypoints utilized in the construction of the curve of the global route will be obtained from off-the-shelf platforms that will integrate maps and route planning systems, as Google
Maps ( [5]) and Open Street Maps ( [9]) do. Unfortunately, the current characteristics of the waypoints provided by those platforms do not allow their direct usage in the construction of the curve
of the global route, making necessary a processing stage. The processing stage seeks to eliminate
too close waypoints that will contribute to the generation of splines segments with high curvature
and to add new waypoints in regions that lack of them, because in these regions the cubics splines
will unwanted distance themselves from the real route. The processing stage analyses the euclidean
distance between the waypoints, removing or adding waypoints according to the design criterion of
maximum and minimum distance. A set of waypoints obtained from the platforms cited are shown
in Figure 6.
In Figure 6, the blue markers represent the waypoints obtained from Google Maps and the magenta markers represent the one obtained from Open Street Maps. The dashed line represents the
curve of the global route constructed from the Open Street Maps waypoints. In Figure 7, in black
were represented the original waypoints provided by Open Street Maps and the associated curve of
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the global route constructed and in magenta
were represented the processed waypoints and
associated curve. In Figure 8, it is illustrated
in details the first roundabout of the real route.
In black, the original waypoints provided by
Googles Maps and associated curve of the
global route constructed and in blue the waypoints processed and associate curve.

Figure 6. In magenta original waypoints provided by
Open Street Maps and in blue waypoints provided by
Google Maps. Global route curve constructed with Open
Street Maps original waypoints in dashed line

From Figures 7 and 8 it is observed a significant improvement in the curve of the global
route constructed with the processed waypoints,
magenta and blue colors, when compared to the
ones constructed with the original set of waypoints provided, black colors. The new waypoints added to the original set of waypoints
provided by Open Street Maps allowed the con-

truction of a representative curve of the global route of the real route, Figure 7. The remotion
of some waypoints from the original set provided by Google Maps allowed the construction of a
smoother curve in the roundabout, Figure 8.

Figure 7. In black, original waypoints provided by
Open Street Maps and associated global route curve
constructed, and, in magenta, processed waypoints
and associated global route curve constructed

3.2.

Figure 8. In black, original waypoints provided by
Google Maps and associated global route curve constructed, and, in blue, processed waypoints and associated global route curve constructed

Arc length distance reparameterization problem

Once constructed a representative curve of the global route of the real route, the reparameterization
to the arc length distance s is performed. An adequate reparaterization, as well as the representative
construction discussed above, is essential to the well performance of the technique discussed by [3]
because its equating was developed considering a curve of the global route parameterized in the arc
length distance s. To analyze the reparameterization quality it will be used the first derivative of the
curve of the global route, known as unit velocity or Frnet tangent vector. The equation 13 shows
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the unit velocity vector.
T~ (s) =



dxb (s) dyb (s)
,
ds
ds


(13)

For a perfect arc length parameterized curve the norm of the vector T~ is always unitary, distancing
itself from the unit value according to the reparametezitaion quality. The following graphics show
the results of the norm of the vector T~ subtracted by one as function of the arc length distance s.
Figure 9 shows the values of the norm of the vector T~ subtracted by one of three different reparemeterizarions performed upon a curve of a global route constructed by the waypoints from
Open Street Maps. The blue curve represents the reparameterization quality performed with the
107 processed waypoints. In magenta, the quality of the reparameterizarion performed with 200
points upon the curve of the global route constructed and in blue the quality of the reparameterization performed with 300 points.
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Figure 9. The norm of the vector T~ subtracted by one
as function of the arc length distance s of the global
route curve constructed with the waypoints provided
by Open Street Maps
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Figure 10. The norm of the vector T~ subtracted by
one as function of the arc length distance s of the
global route curve constructed with the waypoints
provided by Google Maps

Figure 10 shows the values of the unity velocity vector norm subtracted by one of three different reparameterization performed upon the curve of the global route constructed by Google Maps
waypoints. In blue, the behavior of the norm of the vector T~ subtracted by one of the performed
reparameterization using the google’s processed waypoints. In magenta, the quality of the reparameterizarion performed with 200 points on the curve of the global route constructed and in blue
the quality of the reparameterization performed with 300 points.
From the graphics above, it is possible to note a significant approximation of the values of the
norm of the vector T~ subtracted by one to the number zero, which is the expected result for a perfect parameterized curve, as the number of points used in the reparameterization increase. These
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approximation indicates that the reparameterization quality was improved.
From the results shown in Figures 9 and 10 it is clear the necessity of find a good trade off
between the arc length reparameterizarion quality sought and the number of waypoints used to do
it. If, for one side, a curve of the global route badly arc length parameterized is an instability source,
decreasing the robustness of the local path planning presented by ( [3]), for other side, the use of
high waypoints number can overload the communications between planning algorithm and the real
time control system process.

4.

Conclusions

By the presented in this article, it is possible to conclude that is necessary a prior processing of the
original waypoints provided by the on-line maps and route planning Open Street Maps and Google
Maps in order to achieve a representative curve of the global route and to perform a satisfactory
reparameterization to the arc length s of the constructed curve. The prior processing stage consists in adding, removing and redistributing the original waypoints. In specific to the arc length
s reparameterization process, it was shown that perform it with the same waypoints used in the
construction stage of the global route curve is likely an inappropriate approach because it generates a curve of the global route badly arc length parameterized. This condition makes necessary
an engineering study to reach a good balance between the points utilized in the reparameterization
process and the necessary quality of the arc length s parameterized global route curve. It is worth
noting that a global route curve badly parameterized in the arc length s will inevitably lead the presented technique or any other based in arc length parameterized curves to a potentially dangerous
failure. The arc length s parameterization quality problem can be softened by reducing the size of
the paths’ lengths, which will lead to smaller integration steps and, consequently, smaller errors.
The presented technique has two main interesting features. First, it works in the arc length space
s instead the time space t, which allows the generation of the candidate paths without the profile
velocity. Second, it works in the curvilinear coordinate system instead of the Cartesian system,
which allows generate the candidates paths with simple cubic polynomials, what would just be
possible in the Cartesian system with more complex equation.
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