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ABSTRACT In this paper, a quantized adaptive decentralized output feedback control is proposed for a
class of interconnected nonlinear systems with quantized input and possible number of hysteretic actuators
failure up to infinity. The hysteretic actuators nonlinearities are described by the Prandtl-Ishlinskii model.
In order to compensate the effects of the possible number of the hysteretic actuators failures up to infinity
and input quantization, a modified backstepping approach is proposed by utilizing the high-gain k-filters,
hyperbolic tangent function property, and bound estimation approach. It is proved both mathematically and
by numerical simulations that using the proposed controller, all the signals of the closed-loop system are
globally bounded despite of the input quantization and possible number of hysteretic actuators failures up to
infinity.

INDEX TERMS Adaptive control, hysteretic actuator failures, interconnected systems, output feedback,
quantization.

I. INTRODUCTION
Use of interconnected systems are very common in many
areas, such as power systems, manufacturing processes and
communication. To design control schemes for the inter-
connected systems, generally two approaches known as dis-
tributed and decentralized control are employed. In this paper,
decentralized approach is investigated. Local signals are uti-
lized in decentralized approach to construct the desired con-
troller for each subsystem locally which in turn simplifies the
controller design process considerably. However this local
controller design introduces several challenges in the sta-
bility and performance analysis of the whole closed-loop
system. These challenges are mainly related with the uncer-
tain interactions among subsystems. Decentralized adaptive
control was first proposed in [1] with the assumption that
the subsystems interactions hold linear growth condition.
In [2] decentralized regulation problem was investigated with
the unknown control direction. Dynamic input and output
regulation was discussed in [3] and [4], respectively. Global
stability and the asymptotic property was compromised to

propose a simplified backstepping design in [5]. Recently
Wang et al. [6] proposed a decentralized backstepping design
for the uncertain interconnected nonlinear systems with infi-
nite number of actuator failures. For more details about
decentralized control see [6] and the references cited therein.

Recently, much effort has been devoted to the design
of new network control schemes due to various attrac-
tive features such as low cost, flexible implementation and
maintenance with ease. To develop new and efficient net-
work control schemes, the existing literature contains sev-
eral efforts see e.g. [7]–[10]. For the uncertain linear and
nonlinear systems adaptive quantized control was investi-
gated in [7] and [8]. Later Zhou et al. [9] pointed out
some restrictions in [7] and [8]. Later on in [9], some
restrictions were pointed out in the work presented by
Hayakawaa et al. [7], [8], such as it is hard to know the
stability conditions before the controller implementation as
they depend on the controller output. In [9], an adaptive
quantized stabilization approach was proposed for a class
of nonlinear SISO systems, however it requires the system
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nonlinearities to be Lipchitz continuous. A new adaptive
quantized backstepping approach stated in [10] and[11], later
removed these restrictive conditions. In [12], a two step
backstepping approach was proposed for uncertain nonlinear
systems with input quantization and actuator failures and it
relaxed the restrictive conditions in [9]. In [13], a linear-like
controller was proposed for a class of quantized output feed-
back control systems. In [14], an adaptive output feedback
control problem was addressed with both quantized input and
output. A new quantizer was developed in [15] with a restric-
tive condition that the quantization error is always bounded.
For the first time non-smooth analysis was performed in [16],
which removed the restrictive conditions of [15] to some
extent. For more detail about quantized adaptive output feed-
back control see [14], [16] and the references cited therein.

It is worth mentioning that in practice, system actuators
are subjected to failures. These failures may lead to the
instability and serious issues as they are often uncertain in
the value, pattern and time. Safety and reliability are in
great demand for any control system therefore in the existing
literature considerable efforts have been made to deal with
this issue see [18]–[24]. In the above references except [24]
the total number of actuator failures are considered finite
as to ensure boundness of the overall Lyapunov functions
with the occurrence of jumps. Lyapunov function experiences
jumps due to the parameter estimation errors that results
from failures uncertainties included therein. In [24] the issue
of infinite number of actuator failures with some restrictive
conditions was addressed, such as knowledge of the bounds
of failures uncertainties and parameters are required. In [6]
a new decentralized adaptive backstepping approach was
proposed for a class of interconnected nonlinear systems
and these rigorous condition in [24] were relaxed. Similarly,
Li and Yang [12] also relaxed the restrictive conditions
of [24] and proposed a two step backstepping state feedback
approach for the uncertain nonlinear systemswith input quan-
tization and actuator failures. For the first time a decentralized
output feedback approach was followed to address the issue
of unknown actuator failures for a class of interconnected
nonlinear systems in [17]. For more details about the actuator
failures compensation see [12], [17], and the references cited
therein.

Further, a system actuators may suffer from nonsmooth
characteristic such as deadzone, backlash, hysteresis and sat-
uration nonlinearities [26]. Control of such systems preceded
by hysteresis nonlinearity has gained considerable attention
in recent years, as in the absence of hysteresis compen-
sation the system may incur to the instability, inaccuracy
and unacceptable oscillations due to the non-differentiable
and multivalued nature of hysteresis non-linearities [23].
In [26], to suppress the actuator backlash a new adaptive
quantized control for SISO system was addressed. In [31],
global asymptotic output tracking problem was addressed for
nonlinear systems with power integrators. Adaptive universe
based fuzzy control approach was employed to guarantee
global asymptoticmodel Free trajectory independent tracking

for marine vehicle in [32]. For nonlinear systems with com-
pletely unknown dynamics a universal adaptive fuzzy control
for output tracking was proposed in [33]. In [34], adaptive
approximation based approach was investigated for a Class of
uncertain nonlinear systems without feedback linearizability.
For more details about the nonlinear systems preceded by
input hysteresis and without considering quantization effects
see [27] and the references cited therein.

Based on the above observations, to the best of our knowl-
edge no results yet have been reported for quantized control
systems with PI-hysteresis model, so this remains an open
challenge. In this paper, a quantized adaptive decentralized
control is proposed for a class of interconnected nonlinear
systems with possible number of hysteretic actuator failures
up to infinity. Main contributions of this paper are summa-
rized as follows: (1) By the use of a modified backstepping
approach, bound estimation approach and hyperbolic tangent
function property the effect of possible number of hysteretic
actuator failures up to infinity and input quantization are
successfully compensated. (2) To the best of our knowledge
this is the first time to design adaptive quantized output
feedback control for interconnected nonlinear systems with
possible number of hysteretic actuator failures up to infinity.
(3) Different from the existing quantized output feedback
control literature [12]– [16], this paper proposes quantized
adaptive decentralized control for a class of interconnected
nonlinear systems and considers unknown number of hys-
teretic actuators failures with subsystems interactions. (4) In
this paper more effort is required than [12] in which a state
feedback control approach is proposed and system states are
considered known. In this work we propose output feedback
control by a transformable high-gain k-filters for estimating
the system states.

This note is organized as follows: Section 2 states the
problem statement and Section 3 presents adaptive quan-
tized fault tolerant controller design. Section 4 contains the
closed loop analysis followed by simulation and conclusion
in Section 5 and Section 6.

II. PROBLEM STATEMENT
An interconnected nonlinear system with N subsystems is
considered as follows:

ẋi = Aixi + ψi(yi)θi + bi
ki∑
j=1

8i,j(y)ωi,j(t)

+1i(y1, · · · , yN , t),

yi = xi,1, (1)

where, i = 1, · · · ,N ,

Ai =


0 1 0 · · · 0
0 0 1 · · · 0
...
...
...
. . .

...

0 0 0 · · · 1
0 0 0 · · · 0

 , bi =


0
...

0
b

 ,
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FIGURE 1. Saturated PI-hysteresis.

the states xi = [xi,1, · · · , xi,ni ]
T
∈ Rni are unmea-

sured, ωi,j(t) = [ωi,1(t), · · · , ωi,k (t)]T represents satu-
rated PI-hysteresis output. For more detail about saturated
PI-hysteresis see [28], [29]. The saturated PI-model can be
written as (see e.g. [28], [29])

ωi,j(t) = %i,jq(ui,j(t))+�i,j(t), (2)

where positive constant %j is unknown, �i,j(t) =
∫ h̄
0 ζi(ki,ζi )

Fi,k [q(ui,j)](t)dki,ζi , in which Fi,k [q(ui,j)](t) is the saturated-
play operator, ζi(ki,ζi ) is the density function that satisfies
ζi(ki,ζi ) > 0 with

∫
∞

0 ki,ζiζi(ki,ζi )dki,ζi < ∞ and vanishes
for large ki,ζi . One can choose h̄ = ∞ as the integration
upper limit and can get ζi(kζi ) from experimental data. It is
worth mentioning that, hysteresis density-function ζi(ki,ζi )
and Fi,k [q(ui,j)] are bounded, so do �i(t). So, we can define
the unknown upper-bound of Fi,k [q(ui,j)] as Fi,max i.e.

Fi[q(ui,j)] ≤ Fi,max. (3)

Figure 1 shows the saturated PI-hysteresis output. quantized
outputs of the actuators q(ui,j) = [q(ui,1), · · · , q(ui,k )]T ∈
Rki , control signals ui,j = [ui,1, · · · , ui,k ]T ∈ Rki and the
output yi ∈ R, θi ∈ Rpi and b̄i = [bi,mi , · · · , bi,0]

T
∈

Rmi+1 are unknown constants, with bi,mi, 6= 0, ψi(y) =
[ψi,1(yi), · · · , ψi,n(yi)]T ∈ Rni×pi with ψi,q(yi) ∈ Rpi and
8i,j(yi) 6= 0 ∈ R are known smooth functions, 1i =

[1i,1(yi, t), · · · ,1i,ni (yi, t)]
T
∈ Rni are unknown nonlinear

functions. Here, the same as [9], the following hysteretic
quantizer is utilized to avoid chattering:

q
(
zi,j(t)

)
=

zkqsign(zi,j),
zkq
1+δ <

∣∣zi,j∣∣ ≤ zkq , żi,j < 0, or

zkq <
∣∣zi,j∣∣ ≤ zkq

1−δ , żi,j > 0,

zkq (1+ δ)sign(zi,j), zkq <
∣∣zi,j∣∣ ≤ zkq

1−δ , żi,j < 0, or
zkq
1−δ <

∣∣zi,j∣∣ ≤ zkq (1+δ)
1−δ , żi,j > 0,

0, 0 ≤
∣∣zi,j∣∣ < dz

1+δ , żi,j < 0, or
dz
1+δ ≤

∣∣zi,j∣∣ < dz, żi,j > 0,

q
(
zi,j
(
t−
))
, żi,j = 0,

(4)

where, zkq = ρ
(1−kq)
z dz with integer kq = 1, 2, · · · and

parameters dz > 0 and 0 < ρz < 1, δ = 1−ρz
1+ρz

. represents
the quantization density of q(zi,j(t)). q(zi,j(t)) is in the set
U = 0,±zkq ,±zkq (1+ δ), and q(zi,j(t

−)) represents the prior
status from q(zi,j(t)). Compared with the logarithmic quan-
tizer in [7], the main advantage of the hysteretic quantizer
is that it has additional quantizaton levels, which are used to
avoid chattering [9]. In practice, actuatorsmay become faulty,
in our work we consider the failure model stated in [12]. Let
the failure of the (i, j)th actuator is modeled as

℘i,j(t) = gi,j,hq(ui,j)+ ui,sj,h(t)

t ∈ [ti,j,h,s, ti,j,h,e]

gi,j,hui,sj,h = 0, j = 1, 2, · · · , k, h = 1, 2, 3, · · · (5)

where, gi,j,h ∈ [0, 1], ti,j,h,s, ti,j,h,e are unknown constants
and 0 ≤ ti,j,1,s ≤ ti,j,1,e ≤ ti,j,2,s · · · ti,j,h,e ≤ ti,j,(h+1),s ≤
ti,j,(h+1),e and so on. ui,sj,h is an unknown bounded piece wise
continues signal. According to (5) the actuator failures takes
place from ti,j,h,s till ti,j,h,e on the (i, j)th actuator. Equation
(5) covers the following two cases:
When,
(1) 0 < gi,j,h < 1 and ui,sj,h = 0. In this case, the actuator is
in a state of partial loss of effectiveness.
(2) gi,j,h = 0 and ui,j(t) = ui,sj,h, the actuator is in a state of
total loss of effectiveness.

Themain objective of this paper is to design a decentralized
adaptive output feedback controller for system (1), such that
the outputs yi, i = 1, · · · ,N , track given reference trajecto-
ries yri while keeping all the other signals bounded. For the
development of the control laws, following assumptions and
lemmas are introduced.
Assumption 1: The reference signals yri are n-times differ-

entiable and bounded.
Assumption 2: In case of partial loss of effectiveness there

exist unknown constants ai,j that satisfies gi,j,h ≥ ai,j > 0.
Assumption 3: Up to ki − 1 actuators are in a state of total

loss of effectiveness at any time instant.
Assumption 4: Sign of bi,mi is known and the polynomial

(Bi,mi (s) = bi,mis
mi + · · · + bi,1s+ bi,0) is Hurwitz.

Assumption 5: Unknown subsystems interactions 1i
satisfies

‖1i(y1, · · · , yN , t)‖2 ≤
N∑
j=1

li,jφi,j(yj), (6)

where, li,j ≥ 0 and φi,j(yj) are unknown constants and smooth
functions respectively.
Lemma 1:Let βr > 0 is any scaler and z ∈ R , then (see [6])

0 < |z| −
z2√

z2 + β2r
< βr (7)

Lemma 2: Let q(ui,j), j = 1, · · · , ki. A sector bound
quantizer, quantization error satisfies following inequality
(see [15]):

|q(ui,j)− ui,j| ≤ δi|ui,j| + (1− δi)di, (8)
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where 0 ≤ δi < 1 and di > 0 are the known parameters of
the quantizers.
Lemma 3: Let ς be a positive constant, then for any con-

stant % (see [15])

0 ≤ |%| − % tanh
(
%

ς

)
≤ 0.2785ς. (9)

Remark 1: Assumptions 1 and 4 are standard assumptions
adapted from [16]. In Assumption 2 ai,j are no longer required
to be known compared to the existing literature see e.g. [24].
To ensure controllability of the system Assumption 3 is
employed in similar fashion as [12]. Assumption 5 imposed
on subsystems interaction is taken from [30].

III. QUANTIZED ADAPTIVE DECENTRALIZED
FAULT-TOLERANT CONTROLLERS DESIGN
In this section, fault-tolerant control law is designed. Taking
(2) and (5) into account, one can write (1) as

ẋi = Aixi + ψi(yi)θi + biGiq(ui,0)+ biuTi,sj8i(yi)

+ bi�T
i,j8i(yi)+1i(yi, t), (10)

Let q(ui,0) = 8i(yi)−1q(ui,j), G =
∑k

j=1 %jgi,j,h, ui,sj =
[ui,s1(t), · · · ,ui,sk (t)]T and 8i(yi) = [8i,1(yi), · · · ,8i,k (yi)]T .

A. HIGH GAIN K-FILTERS
High gain K-filters are employed in this section to estimate
the unmeasured states as

ζ̇i = Aλiζi + Kiyi, (11)

ξ̇i = Aλiξi + ψi(yi), (12)

ϒ̇i = Aλiϒi + eni,niq(ui,0), (13)

where, eni,j ∈ Rni is the jth coordinate vector, Aλi = Ai −
KieTni,1, and Ki = [λiki,1, λ2i ki,2, · · · , λ

ni
i ki,ni ]

T with λi ≥ 1
a design parameter and ki,1, · · · , ki,n satisfies the polynomial
sn+k1sn−1+· · ·+kni , which is Hurwitz. Let4i,j = Ajλiϒi, j =
0, · · · ,m, the derivative of which based onAjλieni,ni = eni,ni−j
can be obtained as

4̇i,j = Aλi4i,j + eni,ni−jq(ui,0). (14)

Now, the state xi can be estimated as

x̂i = ζi + ξiθi +
mi∑
j=0

bi,jGi4i,j. (15)

From high-gain K-filters, (10) and (15) one can obtain the
state estimation error x̃i = xi − x̂i as

˙̃xi = Aλix̃i + biuTi,sj(t)8i(yi)+ bi�T
i,j8i(yi)+1i, (16)

where, Gi is considered constant and bounded in each time
interval in which the actuator shifts from healthy state to
failure state. Let

εi = Wix̃i,Wi = diag{1, λ−1i , · · · , λ
1−ni
i }. (17)

Now,we can rewrite (17) as ε̇i = λiA0iεi+WibiuTi,sj(t)8i(yi)+
Wibi�T

i,j8i(yi)+Wi1i, where

A0i =


−k1 1 0 · · · 0
−k2 0 1 · · · 0
...

...
...
. . .

...

−kn−1 0 0 · · · 1
−kn 0 0 · · · 0


is Hurwitz. Let AT0iP0i + P0iA0i = −(3 +

ρi
2 )Ini solution is

P0i = PT0i > 0 and

Vεi = εTi P0iεi. (18)

Noting λi ≥ 1 and ui,sj(t) is bounded, one can write

V̇εi = −(3+
ρi

2
)λiεTi εi + 2εTi P0iWi[biuTi,sj8i(yi)

+ bi�T
i,j8i(yi)+1i],

≤ −(1+
ρi

2
)λiεTi εi + li,08

T
i (yi)8i(yi)

+ ‖P0i‖2‖1i‖
2, (19)

With li,0 = li,01 + li,02, where li,01 = ‖P0i‖2supt≥0‖biuTi,sj‖
2

and li,02 = ‖P0i‖2 supt≥0‖bi�T
i,j8i(yi)‖2. Write εi =

[εi,1, · · · , εi,n]T , ζi = [ζi,1, · · · , ζi,n]T , ϒi = [ϒi,1, · · · ,
ϒi,n]T , 4i,j = [4i,j,1, · · · , 4i,j,n]T and ξi = [ξi,1, · · · , ξi,n]T

with ξi,q ∈ Rpi . From (1), (15) and (17), one can get

ẏi = xi,2 + ψT
i,1θi +1i,1 = ζi,2 + θ

T
i (ξi,2 + ψi,1)

+

mi∑
j=0

bi,jGi4i,j,2 + λiεi,2 +1i,1. (20)

Remark 2: High-gain K-filters are employed instead of tradi-
tional K-filters, as they provide an additional design parame-
ter λ as well as an error transformation (17). λ is useful in the
error tracking performance analysis as it facilitates arbitrarily
increase of ks in (60) and arbitrarily reduces the tracking error.
If λ = 1 the high-gain K-filters transforms to traditional
K-filters and the W in (17) becomes identity matrix.

B. ADAPTIVE BACKSTEPPING DESIGN
Backstepping design procedure that consist of ρi steps are
followed to design the controller for the ith(i = 1, · · · ,N )
subsystem. Step by step design procedure are as follows:

ηi,1 = yi − yri,

ηi,q = 4i,m,q − y
q−1
ri − αi,q−1, q = 2, · · · , ρi (21)

where αi,q−1 need to be designed. Let

αi,ρi := q(ui,0)+4i,m,ρi+1 − y
ρi
ri ,

ηi,ρi+1 := 0. (22)

Besides, positive scalars ci,q, δi,q(q = 1, · · · , ρ), γdi, γai,
σ2i, σdi, σai, εi and symmetric positive definite matrices
0i ∈ R(pi+1)×(pi+1) are employed in the design process.
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Step-i,1: Noting (20) and (21), the derivative of ηi,1 can be
obtained as

η̇i,1 = bi,miGi(ηi,2 + αi,1)+ θ
T
i (ξi,2 + ψi,1)+ Gib̄

T
i 3i,1

+ ζi,2 − ẏri + λiεi,2 +1i,1, (23)

where, b̄i is given in (1) and 3i,1 = [ẏri, 4i,m−1,2, · · · ,

4i,0,2]T ∈ Rmi+1. From assumption-2, it can be checked that
Gi ≥ min1≤j≤ki{ai,j} > 0. For unknown actuator failures and
nonlinear functions, let

ωi = ‖b̄i‖ sup
t≥0

Gi(t), µi = |bi,mi | inft≥0
Gi(t), ai =

1
µi
. (24)

di = max
1≤j≤N

{
li,0,

(
‖P0,j‖2 +

ρj

2

)
lj,i

}
. (25)

To deal with the effect of the unknown subsystems interac-
tions and the outputs of actuators suffering from total loss of
effectiveness, let

φ̄i =
2ηi,1

η2i,1 + εi

[
8T
i (yi)8i(yi)+

N∑
j=1

φj,i(yi)
]
, (26)

where, φ̄i is a smooth function. Construct the first Lyapunov
function as

Vi,1 =
1
2
η2i,1 +

1
2
2̃T
i 0
−1
i 2̃i +

1
2γdi

d̃2i +
µi

2γai
ã2i + Vεi,(27)

where Vεi is given by (18), 2̃i = 2̂i − 2i, d̃i = d̂i − di and
ãi = âi − ai, with 2̂i, d̂i and âi are the estimations of 2i =

[θTi , ωi]
T
∈ Rpi+1, di and ai respectively. By considering (19)

and (23), derivative of Vi,1 yields

V̇i,1 ≤ ηi,1bi,miGiηi,2 + ηi,1bi,miGiαi,1 + ηi,1θ
T
i (ξi,2

+ ψi,1)+ ηi,1Gib̄Ti 3i,1 + ηi,1ζi,2 − ηi,1ẏri

+ ηi,1λiεi,2 + ηi,11i,1 + 2̃
T
i 0
−1
i
˙̂
2i +

1
γdi

d̃i
˙̂di

+
µi

γai
ãi ˙̂ai − (1+

ρi

2
)λiεTi εi + li,08

T
i (yi)8i(yi)

+ ‖P0,i‖2‖1i‖
2. (28)

From (24) and Lemma-1, one can obtain

ηi,1Gib̄Ti 3i,1 ≤ |ηi,1|ωi||3i,1|| (29)

≤
ωiη

2
i,13

T
i,13i,1√

η2i,13
T
i,13i,1 + β

2
i,r1

+ ωiβi,r1.

By Young’s inequality one can check that

λiηi,1εi,2 + ηi,11i,1 ≤
λi + 1

2
η2i,1 +

1
2
λiε

T
i εi +

1
2
‖1i‖

2.

(30)

Substituting (29) and (30) into (28), yields

V̇i,1 ≤ −ci,1η2i,1 + ηi,1bi,miGiηi,2 + ηi,1bi,miGiαi,1

+ ηi,1ᾱi,1 + 2̃
T
i 0
−1
i ( ˙̂2i − 0iνi,1ηi,1)+

1
γdi

d̃i

×( ˙̂di − γdiηi,1φ̄i)+
µi

γai
ãi ˙̂ai − (1+

ρi − 1
2

)λiεTi εi

+ li,08T
i (yi)8i(yi)+ (‖P0,i‖2 +

1
2
)‖1i‖

2

− diηi,1φ̄i + ωiβi,r1, (31)

where, νi,1 =
[
ξTi,2 + ψ

T
i,1,

ηi,13
T
i,13i,1√

η2i,13
T
i,13i,1+β

2
i,r1

]T and

ᾱi,1 = ci,1ηi,1 + 2̂T
i νi,1 + ζi,2 − ẏri +

λi + 1
2

ηi,1 + d̂iφ̄i.

(32)

The first tuning function is defined as

τi,1 = 0iνi,1ηi,1 − σ2i0i2̂i,

(33)

and let

˙̂di = γdiηi,1φ̄i − γdiσdid̂i. (34)

Construct the first virtual control law as

αi,1 =
sign(bi,mi )ηi,1â

2
i ᾱ

2
i,1√

η2i,1â
2
i ᾱ

2
i,1 + β

2
i,r1

, (35)

where sign(bi,mi ) is known by Assumption-4 and âi is
updated by

˙̂ai = γaiηi,1ᾱi,1 − γaiσaiâi. (36)

By Lemma-1 and (24), (35) yields

ηi,1bi,miGiαi,1 = −
|bi,mi |Giη

2
i,1â

2
i ᾱ

2
i,1√

η2i,1â
2
i ᾱ

2
i,1 + β

2
i,r1

,

≤ −
µiη

2
i,1â

2
i ᾱ

2
i,1√

η2i,1â
2
i ᾱ

2
i,1 + β

2
i,r1

,

≤ −ηi,1µiâiᾱi,1 + µiβi,r1. (37)

Substituting (33)-(37) and the equality µiãi − µiâi =
−µiai = −1 into (31) yields

V̇i,1 ≤ −ci,1η2i,1 + ηi,1bi,miGiηi,2 + 2̃
T
i 0
−1
i ( ˙̂2i − τi,1)

+ ωiβi,r1 + Li −
ρi − 1

2
(λiεTi εi + ‖1i‖

2), (38)

where Li = µiβi,r1−σ2i2̃T
i 2̂i−σdid̃id̂i−µiσaiãiâi−λiεTi εi+

li,08T
i (yi)8i(yi)+ (‖P0,i‖2 +

ρi
2 )‖1i‖

2
− diηi,1φ̄i.

Step-i, 2: As αi,1 is a smooth function of yi, 2̂i and
9i,1 = [yri, ẏri, ζ Ti , ξ

T
i,1, · · · , ξ

T
i,ni , ϒi,1, · · · ,ϒi,mi+1, d̂i, âi]

T ,
by differentiating ηi,2 = 4i,mi,2 − ẏri − αi,1 one can obtain

η̇i,2 = ηi,3 + αi,2 + βi,2 −
∂αi,1

∂yi
θTi (ξi,2 + ψi,1)− Gib̄

T
i 3i,2

− bi,miGiηi,1 − λi
∂αi,1

∂yi
εi,2 −

∂αi,1

∂yi
1i,1

∂αi,1

∂2̂i

˙̂
2i,

(39)
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where βi,2 = −λ2i ki,24i,mi,1−
∂αi,1
∂yi
ζi,2−

∂αi,1
∂9i,1

9̇i,1 and3i,2 =

[ ∂αi,1
∂yi
4i,mi,2−ηi,1,

∂αi,1
∂yi
4i,mi−1,2, · · · ,

∂αi,1
∂yi
4i,0,2]T ∈ Rmi+1.

Construct the second Lyapunov function as

Vi,2 = Vi,1 +
1
2
η2i,2 (40)

From (38), (39) and following the similar procedure as step-1,
one can easily verify that

V̇i,2 ≤ −ci,1η2i,1 + ηi,2

[
ηi,3 + αi,2 + βi,2 + 2̂iνi,2

+
λi + 1

2

(
∂αi,1

∂yi

)2

ηi,2 −
∂αi,1

∂2̂i

˙̂
2i

]
+ 2̃T

i 0
−1
i

×
( ˙̂
2i − τi,1 − 0iνi,2ηi,2

)
−
ρi − 2

2
(λiεTi εi + ‖1i‖

2)

+ωi(βi,r1 + βi,r2)+ Li, (41)

where, νi,2 =
[
−

∂αi,1
∂yi

(ξTi,2 + ψ
T
i,1),

ηi,23
T
i,23i,2√

η2i,23
T
i,23i,2+β

2
i,r2

]
. Let

τi,2 = τi,1 +0iνi,2ηi,2 and αi,2 = −ci,2ηi,2 − βi,2 − 2̂iνi,2 −
λi+1
2 ( ∂αi,1

∂yi
)2ηi,2 +

∂αi,1
∂2i

τi,2. So, (41) becomes

˙Vi,2 ≤ −ci,1η2i,1 − ci,2η
2
i,2 + ηi,2ηi,3 + ηi,2

∂αi,1

∂2̂i
(τi,2 −

˙̂
2i)

+ 2̃T
i 0
−1
i ( ˙̂2i − τi,2)−

ρi − 2
2

(λiεTi εi + ‖1i‖
2)

+ ωi(βi,r1 + βi,r2)+ Li, (42)

Step-(i, q): (3 ≤ q ≤ ρi − 1): As αi,q−1 is a smooth
function of yi, 2̂i and 9i,q−1 = [yri, · · · , y

(q−1)
ri , ζ Ti , ξ

T
i,1,

· · · , ξTi,ni , ϒi,1, · · · , ϒi,mi+q−1, d̂i, âi]
T , by differentiating

ηi,q = 4i,mi,q − y
q−1
ri − αi,q−1, one can obtain

η̇i,q = ηi,q+1 + αi,q + βi,q −
∂αi,q−1

∂yi
θTi (ξi,2 + ψi,1)

− Gib̄Ti 3i,q − λi
∂αi,q−1

∂yi
εi,2 −

∂αi,q−1

∂yi
1i,1

−
∂αi,q−1

∂2̂i

˙̂
2i, (43)

where βi,q = −λ
q
i ki,q4i,mi,1 −

∂αi,q−1
∂yi

ζi,2 −
∂αi,q−1
∂9i,q−1

9̇i,q−1

and 3i,q =
∂αi,q−1
∂yi

[4i,mi,2, 4i,mi−1,2, · · · , 4i,0,2]T ∈ Rmi+1.
Construct the qth Lyapunov function as

Vi,q = Vi,q−1 +
1
2
η2i,q, (44)

where, V̇i,q−1 satisfies

V̇i,q−1 ≤ −
q−1∑
j=1

ci,jη2i,j + ηi,q−1ηi,q +
q−1∑
j=2

ηi,j
∂αi,j−1

∂2̂i

×
(
τi,q−1−

˙̂
2i
)
+2̃T

i 0
−1
i

( ˙̂
2i−τi,q−1

)
−
ρi−q+1

2

×
(
λiε

T
i εi + ‖1i‖

2)
+ ωi

q−1∑
j=1

βi,rj + Li. (45)

Let τi,q = τi,q−1 + 0iνi,qηi,q and αi,q = −ci,qηi,q −
ηi,q−1 − βi,q − 2̂iνi,q −

λi+1
2 ( ∂αi,q−1

∂yi
)2ηi,q +

∂αi,q−1
∂2i

τi,q +∑q−1
j=2 ηi,j

∂αi,j−1

∂2̂i
0iνi,q with νi,q =

[
−

∂αi,q−1
∂yi

(ξTi,2 + ψ
T
i,1),

ηi,q3
T
i,q3i,q√

η2i,q3
T
i,q3i,q+β

2
i,rq

]T , it is easy to check that

V̇i,q ≤ −
q∑
j=1

ci,jη2i,j + ηi,qηi,q+1 +
q∑
j=2

ηi,j
∂αi,j−1

∂2̂i

×
(
τi,q −

˙̂
2i
)
+ 2̃T

i 0
−1
i

( ˙̂
2i − τi,q

)
−
ρi − q

2

×
(
λiε

T
i εi + ‖1i‖

2)
+ ωi

q∑
j=1

βi,rj + Li. (46)

Step-(i, ρi): As αi,ρi−1 is a smooth function of yi,
2̂i and 9i,ρi−1 = [yri, · · · , y

(ρi−1)
ri , ζ Ti , ξ

T
i,1,· · · , ξ

T
i,ni ,

ϒi,1, · · · , ϒi,mi+ρi−1, d̂i, âi]
T , from differentiating ηi,ρi =

4i,mi,ρi − y
ρi−1
ri − αi,ρi−1, one can obtain

η̇i,ρi = ηi,ρi+1 + αi,ρi + βi,ρi −
∂αi,ρi−1

∂yi
θTi (ξi,2 + ψi,1)

− Gib̄Ti 3i,ρ − λi
∂αi,ρi−1

∂yi
εi,2 −

∂αi,ρi−1

∂yi
1i,1

−
∂αi,ρi−1

∂2̂i

˙̂
2i, (47)

where βi,ρi = −λ
ρi
i ki,ρi4i,mi,1−

∂αi,ρi−1
∂yi

ζi,2−
∂αi,ρi−1
∂9i,ρi−1

9̇i,ρi−1

and3i,ρi =
∂αi,ρi−1
∂yi

[4i,mi,2,4i,mi−1,2, · · · ,4i,0,2]T ∈ Rmi+1.
With (22), one can write (47) as

η̇i,ρi = ηi,ρi+1 + ηi(yi)q(ui,0)+4i,mi,ρi+1 − y
ρi
ri + βi,ρi

−
∂αi,ρi−1

∂yi
θTi (ξi,2 + ψi,1)− Gib̄

T
i 3i,ρi

− λi
∂αi,ρi−1

∂yi
εi,2 −

∂αi,ρi−1

∂yi
1i,1 −

∂αi,ρi−1

∂2̂i

˙̂
2i,

(48)

Choose the last Lyapunov function as Vρi = Vi,ρi−1+
1
2η

2
i,ρi ,

where the derivative of Vi,ρi−1 satisfies

V̇i,ρi−1 ≤ −
ρi−1∑
j=1

ci,jη2i,j + ηi,ρi−1ηi,ρi

+

ρi−1∑
j=2

ηi,j
∂αi,j−1

∂2̂i
(τi,ρi−1 −

˙̂
2i)

+ 2̃T
i 0
−1
i ( ˙̂2i − τi,ρi−1)−

ρi − q+ 1
2

×(λiεTi εi + ‖1i‖
2)+ ωi

ρi−1∑
j=1

βi,rj + Li, (49)

with (48), one can write V̇i,ρi as

V̇i,ρi ≤ −
ρi∑
j=1

ci,jη2i,j + ηi,ρiηi,ρi+1 + ηi,ρi8i(yi)q(ui,0)

+ ηi,ρiui,ρi + ηi,ρi4i,mi,ρi+1 − ηi,ρiy
ρi
ri
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+

ρi∑
j=2

ηi,j
∂αi,j−1

∂2i
(τi,ρi −

˙̂
2i)+ Li

+2̃T
i 0
−1
i ( ˙̂2i − τi,ρi )+ ωi

ρi∑
j=1

βi,rj

−
ρi − ρi

2
(λiεTi εi + ‖1i‖

2) (50)

where, uρi is the intermediate control law defined as uρi =
ci,ρiηi,ρi + ηi,ρi+1 + βi,ρi + 2̂iνi,ρi +

λi+1
2 (

∂αi,ρi−1
∂yi

)2ηi,ρi −
∂αi,ρi−1
∂2i

τi,ρi −
∑ρi−1

j=2
∂αi,j−1

∂2̂i
0iνi,ρi with νi,ρi =

[
−

∂αi,ρi−1
∂yi

(ξTi,2 + ψ
T
i,1),

ηi,ρi3
T
i,ρi
3ρi√

η2i,ρi
3T
i,ρi
3i,ρi+β

2
i,rρi

]T . From Lemma-2,

it can be deduced that

ui,0 − δiui,0 − (1− δi)dui ≤ q(ui,0) ≤ ui,0 + δiui,0
+ (1− δi)dui.(51)

One can also write (51) as

q(ui,0) ≤ ui,0 + ℘iδiui,0 + ℘i,1(1− δi)dui,

= (1+ ℘iδi)ui,0 + h̄i, (52)

where,℘i = [−1, 1],℘i,1 = [−1, 1], and h̄i = ℘i,1(1−δi)dui.
The final control is chosen as

ui,0 =
1
Kui

vi,0,

vi,0 = −Dci tanh
(
ηi,ρiDci
ςi

)
− (ui,ρi +4i,mi,ρi+1

− yρiri ) tanh
(
ηi,ρi (ui,ρi +4i,mi,ρi+1 − y

ρ
ri)

ςi

)
, (53)

where 0 < Kui ≤ 1 − δi, Dci is a constant satisfying Dci ≥
(1− δi)dui and ςi is also a positive design constant. Note that
by (53), ηi,ρiui,0 ≤ 0. As ℘i ∈ [−1, 1], (1 + ℘iδi) ≥ Kui =
1− δi > 0. So one can write ηi,ρi (1+℘iδi)ui,0 ≤ Kuiηi,ρiui,0.
Let τi,ρi = τi,ρi−1 + 0iνi,ρiηi,ρi and

˙̂
2i = τi,ρi . (54)

Since ηρi+1 = 0 in (38), one can obtain

V̇i,ρi ≤ −
ρi∑
j=1

ci,jη2i,j + ωi

ρi∑
j=1

βi,rj + Li. (55)

IV. STABILITY ANALYSIS
Theorem-1: Consider system (1), high gain k-filters
(11)-(13), adaptive laws (34), (36) and (54) and the control
laws (53) in closed-loop with possible number of actuator
failures up to infinity (5), under all the assumptions stated
in section-2. Then, all signals of the closed-loop system are
globally uniformly bounded, and the tracking errors can be
converged to a small residue by the suitable selection of
design parameters.

Proof: Let V =
∑N

i=1 Vi,ρi , whose derivative by (55) and
taking Li into account, yields

V̇ ≤
N∑
i=1

[
−

ρi∑
j=1

ci,jη2i,j − σ2i2̃
T
i 2̂i − σdid̃id̂i − µiσaiãiâi

− λiε
T
i εi + δ̄i

]
+

N∑
i=1

li,08T
i (yi)8i(yi)

−

N∑
i=1

diηi,1φ̄i +
N∑
i=1

(
‖P0,i‖2 +

ρi

2

)
‖1i‖

2, (56)

where δ̄i = µiβi,r1 + ωi
∑ρi

j=1 βi,rj. Recalling (6) and (25),
one can obtain

N∑
i=1

(
‖P0,i‖2 +

ρi

2

)
‖1i‖

2

≤

N∑
i=1

N∑
j=1

(
‖P0,i‖2 +

ρi

2

)
li,jφi,j(yj)

=

N∑
i=1

N∑
j=1

(
‖P0,j‖2 +

ρj

2

)
lj,iφj,i(yi)

≤

N∑
i=1

N∑
j=1

diφj,i(yi), (57)

which, by (26) and with the fact li,0 ≤ di, yields∑N
i=1 li,08

T
i (yi)8i(yi) +

∑N
i=1(‖P0,i‖

2
+

ρi
2 )‖1i‖

2
−∑N

i=1 diηi,1φ̄i ≤ 10,i, where, 10,i = di
εi+η

2
i,1

η2i,1+εi
[

8T
i (yi)8i(yi) +

∑N
j=1 φj,i(yi)]. One can easily check that for

each subsystem, if |ηi,1| >
√
εi, 10,i < 0, similarly if

|ηi,1| ≤
√
εi, yi is bounded by (21) and thus 10,i has an

upper bound 1̄0,i ≥ 0, which means that it is not dependent
on the all design parameters but one εi. Noting this and by
the facts−22̃T

i 2̂i ≤ −2̃
T
i 2̃i+2

T
i 2i,−2d̃id̂i ≤ −d̃2i + d

2
i ,

−2ãiâi ≤ −ã2i + a
2
i and µiai = 1, one can write (56) as

V̇ ≤
N∑
i=1

(
−

ρi∑
j=1

ci,jη2i,j −
σ2i

2
2̃T
i 2̃i −

σdi

2
d̃2i −

µiσai

2
ã2i

− λiε
T
i εi

)
+�

≤ −ksV +�, (58)

where

�=

N∑
i=1

(
σ2i

2
2T
i 2i+

σdid2i
2
+
σaiai
2
+δ̄i+1̄0,i

)
, (59)

and

ks = min
1≤i≤N ,1≤j≤ρi

{
ci,j,

σ2iλmin(0i)
2

,
γdiσdi

2
,
γaiσai

2
,

×
µi

λmax(P0,i)

}
. (60)
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One can first fix σ2i, σdi, σai and then increase 2ci,j, λmin(0i),
γdi, γai and λi to increase ks. By this way� is independent of
ks and the tracking error can be reduced to a small residual
set by increasing ks. It follows from (58) that

0 ≤ V (t) ≤
�

2ks
+

[
V (0)−

�

2ks

]
e−2kst . (61)

So one can analyze that, the signals ηi,j, 2̂i, d̂i, âi and εi for
j = 1, · · · , ρ and i = 1, · · · ,N are bounded. As Aλi is
Hurwitz, ζi and ξi are bounded. So, to prove the boundness
of ϒi is our main goal, as the xi boundness follows from the
boundness of εi, ζi, ξi and ϒi. From (13), one can obtain

ϒi,j =
sj−1 + ki,1sj−2 + · · · + ki,j−1

Ki(s)
q(ui,0) (62)

where j = 1, · · · , ni, Ki(s) = sn+ ki,1sj−2+· · ·+ ki,ni . From
system model we know that

dniyi
dtni
−

ni∑
j=1

dni−j

dtni−j

[
ψi,j(yi)T θi +1i,j

]

=

mi∑
j=0

bi,j
d j

dt j
[q(ui,0)]. (63)

Note that
∑mi

j=0 bi,j
d j

dt j q(ui,0) = Bi(s)[q(ui,0)]. Substituting
(63) into (62) yields

ϒi,j =
sj−1 + ki,1sj−2 + · · · + ki,j−1

Bi(s)Ki(s)

×

(
dniyi
dtni
−

ni∑
j=1

dni−j

dtni−j

[
ψi,j(yi)θi +1i,j

])
. (64)

From Assumption-4,ϒi,1, · · · , ϒi,m+1 are bounded. Analyz-
ing recursively in similar way as [25], one can obtain that
ϒi,j, ∀(j = m + 2, · · · , ni) are bounded, therefore, xi is also
bounded. So, it proves that all the closed-loop signals are
bounded. Furthermore, from ηi,1,Vρi and (61), one can obtain
that ei = ηi,1 satisfies

1
2
e2i =

1
2
η2i,1 ≤

1
2

ρi∑
j=1

η2i,j ≤ Vρi (t)

≤ e−ksti Vρi (0)+ (1i,0/ks)(1− e
−kst
i ). (65)

So we can conclude that e2i is bounded by a function that
exponentially converges to �i = {ei|e2i ≤ 21i,0/ks} at
a rate ks. It is worth mentioning that the size of �i can
be reduced by suitable selection of design parameters. This
completes our proof.
Theorem-2:ConsiderTheorem-01, except3i,1(0) = yi(0),

fix the initial conditions of K-filters and all adaptive laws
to zero. Let yri(0) = yi(0) and yqri(0) = −αi,q(0), q =
1, · · · , ρi − 1. Then the `∞ norm of the tracking error is
bounded by ‖ηi,1‖∞ = supt≥0 |ηi,1(t)| ≤

√
�0
ks

with �0 =

� +
∑N

i=1
∑ni

q=2 x
2
i,q(0), which can be converged arbitrarily

to a small set by sufficiently increasing the ks.

FIGURE 2. Interconnected two inverted pendulums.

Proof:According to (15), by choosing the initial conditions
of K-filters and adaptive laws zero except 3i,1(0) = yi(0),
gives 2̃i(0) = −2i, d̃i(0) = −di, ãi(0) = −ai, and

x̂i(0) = [yi(0), 0, · · · , 0]T , (66)

In view of (17) and (66), we have

ε(0) = [0, λ−1x2(0), · · · , λ1−nxn(0)]T . (67)

Further, yri(0) = yi(0) results in ηi,1(0) = 0. Besides,
one can easily check that ∂αi,q

∂y(q)ri
= −sign(bi,mi )ηi,1â

2
i×

∂(
ᾱ2i,1√

η2i,1â
2
i ᾱ

2
i,1+β

2
i,r1

)/∂ ẏri, q = 1, · · · , ρi− 1. Since ηi,1(0) = 0

and âi(0) = 0, we can choose y(q)ri (0) = −αi,q(0) to obtain
ηi,ρi+1(0) = 0, q = 1, · · · , ρi − 1. Its easy to analyze that
V (0) satisfies

V (0) =
N∑
i=1

[
1
2
2T
i 0
−1
i 2i +

d2i
2γdi
+
µia2i
2γai
+ εTi (0)P0,iεi(0)

]

≤
�

2ks
+

1
2ks

N∑
i=1

ni∑
q=2

x2i,q(0). (68)

By substituting (68) in (61), one can easily obtain ∀t ≥ 0,
0 ≤ V (t) ≤ �

2ks
+

1
2ks

∑N
i=1

∑ni
q=2 x

2
i,q(0)e

−2kst
i ≤

�0
2ks

,

where �0 = �+
∑N

i=1
∑ni

q=2 x
2
i,q(0). As a result, ‖ηi,1‖∞ ≤

√
2‖V‖∞ ≤

√
�0
ks
, which implies that the `∞ norms of the

tracking error can be converged arbitrarily to a small set by
sufficiently increasing the ks.

V. SIMULATION EXAMPLE
For simulation study two inverted interconnected pendulums
are taken as an example to check the performance of the
proposed approach similar as [25]

J1ÿ1 = u1,1 + u1,2 +M1gL1 sin y1 − 0.5ks
×(Xks − Xs)L1 cos(y1 − y0),

J2ÿ2 = u2,1 + u2,2 +M2gL1 sin y2 + 0.5ks
×(Xks − Xs)L1 cos(y2 − y0), (69)

where y1 & y2, J1 = M1L21 & J2 = M2L21 , M1 &
M2, L1 and ks are the pendulum angels, moment of iner-
tia, masses attached, pendulum length and spring constant

VOLUME 6, 2018 6579



W. Khan et al.: Quantized Adaptive Decentralized Control

FIGURE 3. Simulation results before initialization. (a) Tracking performance of subsystem-I. (b) Tracking performance of
subsystem-II. (c) Tracking errors zi . (d) Hysterectic actuators outputs ℘i,1 and ℘i,2.

respectively. Xs represents the spring natural length, Xks =√
L22 + L2L1(sin y1 − sin y2)+ 0.5L21 [1− cos(y2 − y1)] is

the distance between points O1 & O2, and y0 =

arctan
(

0.5L1(cos y2−cos y1)
L2+0.5L1(sin y1−sin y2)

)
. Angle velocities of the pen-

dulums are assumed unmeasured with unknown system
parameters. The actuator failures of the servomotors are
given as

℘1,1(t) =

{
q(u1,1(t)), if (t ∈ [2hT , (2h+ 1)T ]),

0.6q(u1,1(t)), if (t ∈ [(2h+ 1)T , (2h+ 2)T ]),

℘1,2(t) =

{
q(u1,2(t)), if (t ∈ [0, tf1 ]),

0.5q(u1,2(t)), if (t ∈ [tf1 ,+∞),

℘2,1(t) =

{
q(u2,1(t)), if (t ∈ [2hT , (2h+ 1)T ]),

0.85q(u2,1(t)), if (t ∈ [(2h+ 1)T , (2h+ 2)T ]),

℘2,2(t) =

{
q(u2,2(t)), if (t ∈ [0, tf2 ]),

q(u2,2(tf2 ))e
(tf2−t), if (t ∈ [tf2 ,+∞]),

(70)

where h = 0, 1, 2, ·,, T = 4s, tf1 = 5s and tf2 = 7s. The
objective is to make the pendulum angles y1 and y2 track the

FIGURE 4. Control signal ui,1 and quantized control signal q(ui,1) before
initialization.

desired trajectories yr1 and yr2 generated by

ÿri + 2ẏri + yri = 1.4 sin(0.25t), i = 1, 2. (71)
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FIGURE 5. Simulation results after applying the initialization technique. (a) Tracking performance of subsystem-I after
initialization. (b) Tracking performance of subsystem-II after initialization. (c) Tracking errors zi after initialization. (d) Hysterectic
actuators outputs ℘i,1 and ℘i,2 after initialization.

as closely as possible. Letting xi = [yi, ẏi]T , ψi(yi) =
[0, sin yi]T , θi =

MigL1
Ji

, bi,0 =
1
Ji
, 8i,j(yi) =

1, 11 =
[
0,− 0.5ks(Xks−Xs)L1 cos(y1−y0)

J1

]T and 12 =[
0,− 0.5ks(Xks−Xs)L1 cos(y2−y0)

J2

]T , one can express (69) in the
form of (1), where all Assumptions of section 2 holds with

li,1 = li,2 =
k2s L

2
1 max{(L2+L1−Xs)2,X2

s }

8J2i
and φi,1 = φi,2 = 1.

The controllers design process directly follow the section 3.
In the simulation, M1 = 0.8kg, M2 = 0.7kg, L1 = 0.3m,

gravitational acceleration g = 9.81m/s2, ks = 45N/m,
Xs = 0.35m, L2 = 0.4m, λi = 4.5, ci,1 = ci,2 = 10,
βi,r1 = βi,r2 = 0.5, εi = 1, 0i = 3I2, γdi = γai = 3,
σ2i = σdi = σai = 0.075, high-gain K-filters ki,1 = 2 and
ki,2 = 1, all initial conditions are zero except y1(0) = −0.5
& y2(0) = 0.5, ui,1 = ui,2 and q(ui,1) = q(ui,2). Figure 3–
4 shows control effort and tracking performance with high-
gain K-filters.

Now we consider the theorem-2 and analyze further two
cases after initialization. In Case-1 we only initialize the
reference model yr1(0) = −0.5 & yr2(0) = 0.5, high-gain
K-filters ζ1,1(0) = −0.5 & ζ2,1(0) = −0.5, while keeping
all the other conditions and design parameters unchanged.

FIGURE 6. Control signal ui,1 and quantized control signal q(ui,1) after
applying the initialization technique.

Figure 5–6 shows improved control effort and tracking per-
formance, after applying the initialization technique com-
pared to the previous case without initialization. In Case-2,

VOLUME 6, 2018 6581



W. Khan et al.: Quantized Adaptive Decentralized Control

FIGURE 7. Simulation results after applying the initialization technique and sufficiently increasing the ks. (a) Tracking performance of
subsystem-I after initialization. (b) Tracking performance of subsystem-II after initialization. (c) Tracking errors zi after initialization.
(d) Hysterectic actuators outputs ℘i,1 and ℘i,2 after initialization.

FIGURE 8. Control signal ui,1 and quantized control signal q(ui,1) after
applying the initialization technique and sufficiently increasing the ks.

increasing ks in (60) by choosing λi = 15, ci,1 = ci,2 = 20,
βi,r1 = βi,r2 = 0.5, εi = 1, 0i = 6I2, γdi = γai = 6,
σ2i = σdi = σai = 0.075. One can easily analyze from
Figure 7–8 that the `∞ performance is notably improved.

VI. CONCLUSION
A modified decentralized backstepping approach has been
proposed by the use of high-gain k-filters, hyperbolic tangent
function property and bound-estimation approach and the
effect of possible number of hysteretic actuator failures up to
infinity and input quantization are successfully compensated.
The stated approach is able to guarantee `∞ tracking error
performance and global stability of the closed-loop system.
It is proved both mathematically and by simulation that with
the proposed controller, all the signals of closed-loop sys-
tem are globally bounded despite of input quantization and
possible number of hysteretic actuator failures up to infinity.
Future investigations should focus on the compensation of
time varying actuator failures.
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