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The term “first-principles calculations” is a synonym for the numerical determination of the
electronic structure of atoms, molecules, clusters, or materials from ‘first principles’, i.e., without
any approximations to the underlying quantum-mechanical equations that govern the behavior of
electrons and nuclei in these systems. In principle, these calculations allow us to learn about structural,
mechanical, electronic, optical, and many more properties of molecules and materials without having
to resort to any empirical or effective models. Of course, solving the quantum many-particle problem
is very hard; the application of the clamped nuclei or Born–Oppenheimer approximations removes the
atomic nuclei from the problem but leaves behind the many-electron problem that is still impossible to
solve analytically for any interesting system.

Quantum chemists have risen to the challenge since the late 1920s by developing a succession
of approximate approaches that, crucially, can be extended systematically towards solving the full
many-electron problem. For small molecular systems, the best of these methods (such as coupled cluster
theory) can determine electronic properties such as the ionization potential as accurately and precisely
as the best experiments. These approaches cannot be scaled well to extended, crystalline systems,
and it was the development of density functional theory (DFT) in the 1960s that opened the door to
accurate “first-principles” calculations of crystalline materials. DFT comes with its own methodological
challenges and restrictions, first and foremost that a crucial component of the electron–electron
interaction, the exchange-correlation energy, is only known in a myriad of approximations and
cannot be extended systematically towards the true expression. Nonetheless, DFT calculations have
shown from the beginning that they provide a reasonably accurate means to reproduce and explain
experimentally measured properties of crystals [1].

However, the challenge of whether first-principles calculations can evolve from an explanatory to a
truly predictive tool was acknowledged, most colorfully in John Maddox’s famous statement in the
late 1980s about the “continuing scandal in the physical sciences”—the failure to predict the crystal
structures of materials on the basis of their chemical composition alone [2]. This ‘scandal’ has been
tackled over the last two decades: more accurate calculations, smarter algorithms that borrow from
data science, biological evolution, and machine learning, all combined with increased computing
power, allowing us to use DFT for truly predictive purposes [3–5].

Yet, challenges remain: complex chemical compositions, variable external conditions (such as
pressure), defects, or properties that rely on collective excitations—all represent computational and/or
methodological bottlenecks. This Special Issue comprises a collection of papers that use DFT to tackle
some of these challenges and thus highlight what can (and cannot yet) be achieved using first-principles
calculations of crystals.

In Reference [6], Geng et al. have used evolutionary algorithms to predict crystal structures and
electronic properties of binary Na–S compounds under pressure. This material class is of interest for
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use in battery materials, but the authors show that high pressure favors the formation of metallic
compounds with intriguing superconducting properties. Their work searches for stable and metastable
phases across different pressures and a wide range of chemical compositions, and the authors use
quantum chemical approaches and density functional perturbation theory to obtain the full picture of
the new compounds’ electronic structure and superconductivity.

In Reference [7], Higgins et al. present a methodological advancement of a crystal structure
prediction tool based on genetic algorithms, which accounts for the magnetic as well as the crystal
structure of a material by treating the localized magnetic moments as degrees of freedom on par with
the atomic positions and unit cell dimensions. They demonstrate that their approach can predict
complex magnetic structures that can form at the interfaces of magnets and semiconductors.

In Reference [8], Derzsi et al. predict the structural, electronic, and magnetic properties of an
elusive metal halide, AgCl2. They show that structure prediction can be done both in a physically
biased way (following imaginary phonon modes of reasonable candidate structures) and in an unbiased
way (exploring configurational space using evolutionary algorithms). The authors examine in detail the
difficulties of DFT to properly capture the charge transfer and magnetic properties of this compound
and place the resultant most stable structure in a wider context of metal halide compounds.

In Reference [9], Khan et al. explore the electronic and transport properties of Mn-doped ZnTe.
The host material is a promising thermoelectric, and the authors show that this is also true for the
doped materials, whilst doping reduces the electronic band gap towards values that are useful for
optoelectronic applications. The combination of defects, magnetism, and transport properties makes
this a very challenging problem.

In Reference [10], Peng et al. tackle a methodological issue of DFT: how best to describe non-local
electronic correlations of the London dispersion type. They introduce a new dispersion-corrected
exchange-correlation functional that relies on a single adjustable parameter, q, which is present in the
exchange part of the functional. The authors use the new approach to optimize the mass densities of a
test set of molecular and layered materials and show that it outperforms two standard density-based
dispersion correction methods.

In Reference [11], Chen et al. study the properties of a class of metal-iridium compounds, X3Ir, for a
set of early 3d and 4d transition metals. They focus on physical properties such as elastic moduli and
sound velocities and are able to identify trends between the different metals, relate their calculations to
experimental data, and correlate them to details of the electronic structures of the compounds.

In Reference [12], Peng et al. survey a large set of possible point defects in an exemplary III–V
semiconductor, InAs. These calculations necessitate the use of large supercells of the host material
crystal structure, and the authors consider a wide range of possible local charge states for the different
defects. How to treat such charged point defects in a fully periodic framework remains a point of
interest to the community, and the present work contributes to the body of work from first-principles
calculations in this area.

In summary, this Special Issue highlights several of the frontiers of first-principles calculations in
crystals: the prediction of crystal structures of materials, which remains the foundation to determine
any and all of their properties; treating symmetry-breaking events such as defect formation or
doping, which can significantly change materials’ properties; calculating collective atomic or electronic
excitations, which requires perturbative approaches that relegate the standard DFT calculation to a
small first step; and developing new and improved ways to capture exchange-correlation effects in
many-electron systems. The present papers show that impressive progress has been made on all these
frontiers to allow truly predictive first-principles studies of crystalline materials and their properties.

We would like to thank all authors who have contributed their excellent papers to this Special Issue,
the large number of reviewers who provided constructive and helpful feedback on all submissions,
and the editorial staff at Crystals for their fast and professional handling of all manuscripts during the
submission process and for the help provided throughout.

Conflicts of Interest: The authors declare no conflict of interest.
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A First-Principles Exploration of NaxSy Binary Phases
at 1 atm and Under Pressure
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Abstract: Interest in Na-S compounds stems from their use in battery materials at 1 atm, as well as
the potential for superconductivity under pressure. Evolutionary structure searches coupled with
Density Functional Theory calculations were employed to predict stable and low-lying metastable
phases of sodium poor and sodium rich sulfides at 1 atm and within 100–200 GPa. At ambient
pressures, four new stable or metastable phases with unbranched sulfur motifs were predicted: Na2S3

with C2/c and Imm2 symmetry, C2-Na2S5 and C2-Na2S8. Van der Waals interactions were shown
to affect the energy ordering of various polymorphs. At high pressure, several novel phases that
contained a wide variety of zero-, one-, and two-dimensional sulfur motifs were predicted, and their
electronic structures and bonding were analyzed. At 200 GPa, P4/mmm-Na2S8 was predicted to
become superconducting below 15.5 K, which is close to results previously obtained for the β-Po
phase of elemental sulfur. The structures of the most stable M3S and M4S, M = Na, phases differed
from those previously reported for compounds with M = H, Li, K.

Keywords: high-pressure; crystal structure prediction; electronic structure; battery materials;
superconductivity

1. Introduction

At atmospheric pressures, the size of the metal atom is thought to be important in determining the
alkali metal polysulfide stoichiometries that are stable. In the case of the lightest alkali, lithium,
only Li2S and Li2S2 have been made [1], whereas for the heavier metal atoms (M = K, Rb, Cs)
the known phases include M2Sn with n = 1–6 [2–5]. The solid state Na-S system is particularly
fascinating, with manuscripts reporting the failed synthesis of previously published stoichiometries,
or the synthesis of new polymorphs. Na2S, Na2S2, Na2S4 and Na2S5 are stable or metastable at
atmospheric conditions [2,6–8]. Two polymorphs of Na2S2 are known: the α form with three formula
units per cell that is stable below 170 ◦C, and the higher temperature β form with two formula units
per cell [9]. Several studies have failed to synthesize or isolate Na2S3, with the reaction products
yielding a mixture of Na2S2 and Na2S4 instead [6]. A novel synthesis route in liquid ammonia yielded
Na2S3, but the product decomposed around 100 ◦C [10]. The crystal structure of α-Na2S5 has been
solved [11], and several metastable polymorphs with this stoichiometry have been detected via Raman
spectroscopy [2] and X-ray diffraction [8], but their structures were not determined. This amazing
structural versatility is in part due to the ability of sulfur to form anionic polysulfide chains, S2−

n ,
with various lengths. Only unbranched chains are found in the sodium polysulfides, but they may
have different arrangements or conformations.

Research on the Na-S system has been motivated by Kummer and Weber’s development of the
battery containing these two elements at the Ford Motor Company in 1966 [12–14]. The advantages of
the Na-S battery include the fact that it is made from inexpensive materials, has a long cycle lifetime,

Crystals 2019, 9, 441; doi:10.3390/cryst9090441 www.mdpi.com/journal/crystals4
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and it can deliver high-energy densities [15–18]. Density functional theory (DFT) calculations [19–21]
and experiments [20] have been carried out to study the ambient pressure phases with Na2Sn, n > 1.
Momida and co-workers only considered the known phases. They found that the inclusion of
dispersion, as implemented in Grimme’s PBE-D2 functional, did not substantially influence their
structural parameters nor their energies, in contrast to the results for elemental sulfur [19]. DFT
calculations have concluded that, based upon the energy alone, β-Na2S2 is somewhat more stable than
α-Na2S2 [19,20]. Crystal structure prediction (CSP) techniques coupled with DFT calculations have
been employed to search for new ambient pressure phases [20,21]. Mali and co-workers computed the
enthalpies of formation of the novel Cmme-Na2S3 and C2-Na2S6 phases, and found that they lay only
slightly above the convex hull, suggesting these crystalline lattices may be metastable. A novel low
energy polymorph of Na2S5 was predicted, and a higher energy ε polymorph was synthesized. Both
of these were computed to be more stable than the known α phase. Wang and co-workers predicted
a new polymorph, γ-Na2S2, which was somewhat higher in energy than the known α and β forms [21].
Moreover, a C2/c symmetry Na2S3 structure, which contained V-shaped S2−

3 units, was found to be
thermodynamically and dynamically stable.

The pressure induced structural transitions, as well as the electronic and optical properties of
the dialkali sulfides have been studied extensively. At ambient conditions, Li2S, Na2S, K2S and Rb2S
assume the antifluorite (anti-CaF2) structure [22,23], whereas Cs2S crystallizes in an anticottunite
(anti-PbCl2) structure [24]. Li2S and Na2S transform to an isotypic anticottunite phase at 12 GPa [25],
and 7 GPa [26]. A further transition to an Ni2In phase occurs at 30–45 GPa [27] and 16 GPa [26] in these
systems, respectively. The sequence of phase transitions for Rb2S are: anti-CaF2 → anti-PbCl2 → Ni2In
at 0.7 and 2.6 GPa [28]. Cs2S assumes a distorted Ni2In structure by 5 GPa [29]. Many of these phase
transitions were either predicted or confirmed via theoretical calculations [30]. Recently, CSP has been
used to search for the most stable structures of Li2S, Na2S [31], and K2S at higher pressures [31,32].
Na2S was predicted to transform into an anti-AlB2 phase at 162 GPa, and an anti-KHg2 structure at
232–244 GPa [31].

The discovery of conventional superconductivity in a hydride of sulfur that has been
identified as Im3̄m-H3S has invigorated the quest for high-temperature superconductors with unique
stoichiometries [33]. The superconducting critical temperature, Tc, measured for this material was
a record breaking 203 K at 150 GPa [34]. Because the valence shells of the alkali metal hydrides are
isoelectronic with hydrogen, Kokail and co-workers hypothesized that the alkali sulfides could also
be good superconductors [35]. CSP was employed to search for stable structures in the metal rich
Li-S [35], and K-S [36] phase diagrams under pressure, however most of the phases found had no
or low Tc. The only exception was a Fm3̄m-Li3S structure whose Tc reached a maximum of 80 K at
500 GPa, a pressure at which it was metastable [35].

Herein, we carry out a comprehensive theoretical investigation that employs an evolutionary
structure search to predict the most stable, and low-lying metastable phases in the metal rich and metal
poor regions of the Na-S phase diagram at 1 atm, as well as 100–200 GPa. In addition to identifying
many of the known or previously predicted ambient pressure phases, novel polymorphs with the
Na2S3, Na2S5, and Na2S8 stoichiometries, which could potentially be synthesized, are found, and their
properties are reported. Dynamically stable Na3S and Na4S phases, whose structures are related to the
antifluorite Na2S phase, lie ∼70 meV/atom above the 0 GPa convex hull. (Meta)stable structures in
the sulfur rich region of the phase diagram at 100 GPa contain a wide range of sulfur motifs including:
zero-dimensional dimers or trimers, one-dimensional zigzag or branched tertiary chains, as well
as fused square or cyclohexane motifs. By 200 GPa, most of the predicted phases are comprised of
two-dimensional square nets or cubic-like lattices. The most stable Na3S and Na4S phases at 200 GPa
did not bear any resemblance to H3S [37], or the sulfides of lithium [35] and potassium [36] whose
superconducting properties have previously been investigated. We hope the structural diversity of the
phases predicted herein inspires the directed synthesis of new sulfides of sodium.
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2. Computational Details

Evolutionary structure searches were carried out to find stable and low-lying metastable crystals
in the Na-S phase diagram: in the sulfur rich region the Na2Sn stoichiometry with n = 2–6, 8, and in
the metal rich region the NanS stoichiometry with n = 2–4 were considered. The calculations were
carried out using the open-source evolutionary algorithm (EA) XTALOPT [38,39] version 10 [40],
wherein duplicate structures were removed from the breeding pool via the XTALCOMP algorithm [41],
and random symmetric structures were created in the first generation using RANDSPG [42]. EA
searches were performed on structures containing 1–4 formula units in the primitive cell at 0, 100,
150 and 200 GPa. Minimum interatomic distance constraints were chosen to generate the starting
structures in each generation. The minimum distances between Na-Na, Na-S and S-S atoms were set
to 1.86, 1.45, and 1.04 Å, respectively. To improve the efficiency of the CSP searches, and increase the
size of the unit cell that could be considered, the evolutionary search was seeded with experimentally
determined and theoretically predicted structures from the literature, when available. The most stable
structures found in the high pressure EA searches were optimized between 100 and 200 GPa, and their
relative enthalpies and equations of states (EOS) are provided in the Supplementary Materials.

Geometry optimizations and electronic structure calculations including the densities of states
(DOS), band structures, electron localization functions (ELFs) and Bader charges were carried out using
DFT as implemented in the Vienna Ab-Initio Simulation Package (VASP) [43,44]. The bonding of select
phases was further analyzed by calculating the crystal orbital Hamilton populations (COHP) and the
negative of the COHP integrated to the Fermi level (-iCOHP) using the LOBSTER package [45]. At all
pressures, the gradient-corrected exchange and correlation functional of Perdew–Burke–Ernzerhof
(PBE) [46] was employed. It has been shown that it is important to include van der Waals (vdW)
interactions to obtain reasonable estimates for the volume of α-S at 1 atm [19]. Therefore, the most stable
structures from the 0 GPa PBE EA searches were reoptimized with the optB88-vdW functional [47,48].
In the EA searches, we employed plane-wave basis set cutoff of 325–400 eV, and the k-point meshes
were produced by the Γ-centered Monkhorst–Pack scheme with the number of divisions along each
reciprocal lattice vector chosen so that the product of this number with the real lattice constant was
30 Å. This value was increased to 50 Å for precise optimizations. The atomic potentials were described
using the projector augmented wave (PAW) method [49]. The S 3s23p4 electrons were treated explicitly
in all of the calculations. At 0 GPa the Na 3s1 valence electron configuration was used, and at
higher pressures an Na 2s22p63s1 valence configuration was employed. For precise optimizations,
the plane-wave basis set cutoffs were increased to 700 eV at 0 GPa, and 1000 eV at high pressures.

To verify the dynamic stability phonon band structures were calculated via the supercell
approach [50,51], wherein the dynamical matrices were calculated using the PHONOPY code [52].
The electron–phonon coupling (EPC) calculations were performed using the Quantum Espresso (QE)
program [53]. The Na (2s22p63s1) and S (3s23p4) pseudopotentials, obtained from the PSlibrary [54],
were generated by the method of Trouiller–Martins [55] with the PBE functional, and an energy cutoff
of 90 Ry was chosen. The Brillouin zone sampling scheme of Methfessel–Paxton [56] and 24 × 24
× 6 k-point grid and a 8 × 8 × 2 q-point grid were used for P4/mmm Na2S8 at 200 GPa. The EPC
parameter, λ, was calculated using a set of Gaussian broadenings with an increment of 0.02 Ry from
0.0 to 0.600 Ry. The broadening for which λ was converged to within 0.05 Ry was 0.10 Ry. Tc was
estimated using the Allen–Dynes modified McMillan equation [57] with a renormalized Coulomb
potential, μ∗, of 0.1.

3. Results and Discussion

3.1. Stable and Metastable Na-S Phases at Atmospheric Conditions

The enthalpies of formation, ΔHF, of the most stable Na-S phases found in our EA searches
are plotted in Figure 1 as a function of pressure. The phases whose ΔHF lie on the convex hull are
thermodynamically stable, while those whose ΔHF are not too far from the hull may be metastable

6
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stable provided their phonon modes are all real. At atmospheric pressures, calculations carried out
with both the PBE and optB88-vdW functionals showed that the Na2S, Na2S2, Na2S4 and Na2S5

stoichiometries lay on the hull. The ΔHF of Na2S3, Na2S6 and Na2S8 were slightly above the hull,
whereas those of Na3S and Na4S were further away from it. The inclusion of vdW interactions lowered
the total ΔHF by no more than 80 meV/atom, but the stoichiometries that lay on the hull were the
same as those found within PBE. The inclusion of the zero point energy, ZPE, increased the ΔHF by
no more than 9 meV/atom, but it also did not affect the identities of the thermodynamically stable
phases. The structural parameters and ΔHF of the stable and important metastable phases are provided
in the Supplementary Materials. All of the structures identified in the EA search that were within
15 meV/atom of the lowest enthalpy geometry for a particular stoichiometry were examined, and none
of them contained sulfur anions with branched chains.

Figure 1. (left) Enthalpy of formation, ΔHF, of the NaxSy compounds with respect to solid Na and S as
computed with the optB88-vdW functional at 0 GPa and the PBE functional between 0–200 GPa. (right)
PBE results including the zero point energy (ZPE). Closed symbols lie on the convex hull (denoted by
solid lines), open symbols lie above it. ΔHF was calculated using the enthalpies of the experimentally
known structures: body-centered cubic (bcc, 0 GPa), face-centered cubic (fcc, 100 GPa) [58], cI16
(150 GPa) [59,60], and hp4 (200 GPa) [61] for Na, and α-S (0 GPa) [62]. Because the crystal structure of
S above 83 GPa is still disputed [63,64], the β-Po phase [65] was employed between 100 and 200 GPa,
as in recent studies [35].

Momida [19] and Wang et al. [21] studied the effect of vdW interactions on the unit cell volumes
and formation enthalpies of the sodium polysulfides. The effects of dispersion were approximated
by using Grimme’s semi-empirical DFT-D2 method [66] in conjunction with the PBE functional. Both
studies found that vdW interactions resulted in slightly smaller volumes for the Na-S compounds,
and more negative formation enthalpies. However, the inclusion of dispersion was crucial so that
reasonable estimates of the unit cell volume of elemental α-S, which is composed of molecular S8

rings, could be calculated [19]. Herein, the optB88-vdW method [47,48], which employs a non-local
correlation functional that approximately accounts for dispersion interactions, was used. It has been
demonstrated that this functional is among those that provides the best agreement with experiment
for the volumes and lattice constants of layered electroactive materials for Li-ion batteries [67],
as well as a broad range of metallic, covalent and ionic solids [48]. Other choices that might
provide even more accurate lattice parameters at ambient pressures include combining PBE [46],
and PBEsol [68] or its improvements [69] with rVV10 [70,71], or SCAN+rVV10 [72]. A comparison of
the calculated volumes per atom obtained via PBE and optB88-vdW are provided in the Supplementary
Materials. For elemental sulfur, PBE yields a cell volume of 37.21 Å3/atom, which is 36.4% larger
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than the experimental volume of 25.76 Å3/atom [73]. The optB88-vdW functional yields a volume
of 24.90 Å3/atom (c.f. 26.88 Å3/atom with PBE-D2 [19]), which is only 3.4% lower than experiment.
In Na-S systems that contained at least 50 mole % sodium, the difference between the PBE and
optB88-vdW volumes was <4%, otherwise the difference ranged from 5–16%, depending on the
stoichiometry and polymorph. For Na2S, α-Na2S2, β-Na2S2, Na2S4, and Na2S5 optB88-vdW yielded
volumes of 22.77, 21.51, 21.90, 21.85, and 22.38 Å3/atom, respectively, which differs by <4% from
Momida’s PBE-D2 results [19]. The 0 K optB88-vdW ΔHF values for the most stable Na2S, Na2S2,
Na2S4, and Na2S5 polymorphs were calculated to be −1.17, −0.94, −0.67, and −0.58 eV/atom, which
is in good agreement with the experimental ΔH0

F values at 298.15 K of −1.26, −1.03, −0.71, and −0.61
eV/atom, respectively [74].

The anti-CaF2 Na2S structure with Fm3m symmetry was the lowest point on the 0 GPa convex
hull [19–21], and the Na2S2 stoichiometry had the second most negative ΔHF. Our EA searches were
seeded only with the known α and β-Na2S2 polymorphs, but they also readily identified a higher
energy γ-Na2S2 phase that has recently been predicted [21]. All of these three polymorphs are
comprised of Na+ cations and S−2 anions. In agreement with previous DFT calculations [19–21], the
β polymorph was computed to have the lowest ΔHF, followed by the α, and the γ configurations.
The PBE/optB88-vdW differences in energy between the α and β structures were comparable to the
difference between the β and γ structures, 4/8 meV/atom and 5/9 meV/atom, respectively.

In addition to Na2S and Na2S2, the Na2S4 and Na2S5 stoichiometries also lay on the PBE and
optB88-vdW convex hulls. The EA search was seeded with the known I42d-Na2S4 structure [75],
which contains an unbranched S2−

4 chain whose S-S bond angle and dihedral angle were computed
to be 111.3◦ and 96.7◦, within PBE, respectively. No other polymorphs with comparable energies
were found.

The EA search was also seeded with the α-Na2S5 [11] and ε-Na2S5 [20] polymorphs illustrated
in Figure 2a,b. In the α form, the unbranched S2−

5 anion adopts a bent (cis) configuration, whereas,
in the ε form, it is stretched (trans), as in K2S5 [76], Rb2S5 [77] and Cs2S5 [78]. PBE and PBE-D2
calculations have shown that neither the α nor the ε phases lay on the convex hull [19,20], but CSP has
found another currently unsynthesized phase with stretched S2−

5 anions that was thermodynamically
stable [20]. The coordinates of this phase were not provided in Ref. [20], however it appears to be
different from the lowest enthalpy C2 symmetry Na2S5 phase from our EA searches shown in Figure 2c.
In the structure of Mali and co-workers [20], neighboring S2−

5 chains point in opposite directions
(similar to what is observed in the ε phase along the b-lattice vector), whereas in C2-Na2S5 they face
the same direction. C2-Na2S5 lay on the PBE convex hull, and it’s enthalpy was 4 and 5 meV/atom
lower than the ε and α polymorphs, respectively. The order of stability was not affected by the ZPE
contributions. On the other hand, within optB88-vdW, the ε phase, which lay on the convex hull,
had the lowest enthalpy with the α and C2 phases being 3 and 25 meV/atom higher, respectively.
These results suggest that other energetically competitive polymorphs, based upon unbranched S2−

5
units with either cis or trans geometries, could potentially be constructed, and that the computed
energy ordering depends upon the method used to treat dispersion. PBE calculations showed that
all three Na2S5 polymorphs had indirect band gaps with values of 1.73, 1.47, and 1.30 eV for the ε, α,
and C2 phases, respectively (see the Supplementary Materials). Better estimates could be obtained
using hybrid density functionals or GW, however the PBE results suggest that the conformation of the
S2−

5 anion and the geometry of the cell both have an effect on the band gap.
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Figure 2. Unit cells of the previously known (a) α-Na2S5 [11] and (b) ε-Na2S5 [20] polymorphs, as well
as the newly predicted (c) C2-Na2S5 structure. Sodium atoms are colored blue, and sulfur atoms
are yellow.

Besides the previously mentioned thermodynamically stable stoichiometries, several sulfur-rich
containing phases, Na2Sn (n = 3, 6, 8), were found to be low-energy metastable species, as confirmed by
phonon calculations. For the Na2S3 stoichiometry, the Cmme, C2/c-I, C2/c-II, and Imm2 polymorphs
illustrated in Figure 3 lay 7/22, 3/1, 13/9, and 17/40 meV/atom above the convex hull within
PBE/optB88-vdW calculations. CSP previously predicted the Cmme [20] and C2/c-I [21] structures,
used as seeds in our EA searches, whereas the C2/c-II and Imm2 phases discovered here have not
been reported before. All four of these polymorphs contained V-shaped S2−

3 anions with S-S bond
lengths of 2.087–2.107 Å and bond angles of 106.00–111.21◦. The main difference between them was
the relative arrangement of the S2−

3 motifs. In Imm2 all of the V-shaped anions pointed in the same
direction, whereas in C2/c-II those in a single layer pointed in the same direction, but those in the
adjacent layer were rotated by 180◦. In Cmme and C2/c-I adjacent rows of anions in the same layer
pointed in opposite directions. In Cmme the apex of the Vs in one layer were located directly behind
those in an adjacent layer, but rotated by 180◦. In C2/c-I, the Vs in adjacent layers also faced opposite
directions. All four polymorphs had indirect band gaps, with the PBE value for C2/c-I, 1.06 eV, being
about 0.5 eV smaller than for the other three. The closeness of the ΔHF of these four polymorphs to the
convex hull, and their dynamic stability suggests that they may be synthesizable. Experimentalists
have not yet been able to synthesize a persistent Na2S3 compound, yielding a mixture of Na2S4 and
Na2S5 either directly [6,20,79] or after disproportionation near 100 ◦C [10], suggesting that the kinetic
barriers towards decomposition may be low.

Seed structures were not employed in EA searches carried out on the Na2S6 stoichiometry, and the
two nearly isoenthalpic C2 and P1̄ symmetry structures illustrated in Figure 4a,b were found. Whereas
the former was comprised of unbranched S2−

6 units, the latter contained V-shaped trimers. These two
dynamically stable phases lay only 2/3 and 5/16 meV/atom above the PBE/optB88-vdW convex
hulls, respectively. The inclusion of the ZPE decreased the PBE difference in energy to 1 meV/atom.
Mali and co-workers found the same two structures in their CSP searches [20]. The calculated phonon
spectrum of P1̄-Na2S6 contained two bands above 500 cm−1 (565 and 543 cm−1 at Γ), which is higher
than in any of the other 0 GPa phase considered herein. The S-S bond distances in P1̄-Na2S6 were
shorter than in any of the predicted Na2S3 phases, 1.972 and 2.048 Å, giving rise to the increased
frequency. The decreased distance is likely a result of the smaller formal charge on the trimer, S−3 in
P1̄-Na2S6 vs. S2−

3 in the Na2S3 polymorphs in Figure 3. Molecular calculations using the ADF program
package [80,81] with a triple-zeta basis set with polarization functions (TZP), and the PBE functional
yielded S-S bond lengths of 2.037 and 2.166 Å in the monoanion and dianion, respectively, which is in
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reasonable agreement with the periodic calculations. Both phases were computed to have indirect PBE
band gaps, 1.75 eV in the C2 and 0.72 eV in the P1̄ phases, respectively.

Figure 3. Unit cells of the previously predicted (a) Cmme-Na2S3 [20], and (b) C2/c-I Na2S3 [21] phases,
as well as the newly found (c) C2/c-II Na2S3, and (d) Imm2-Na2S3 geometries. Sodium atoms are
colored blue, whereas sulfur atoms in adjacent layers are yellow and orange.

Figure 4. Unit cells of the previously predicted (a) C2-Na2S6 [20], and (b) P1-Na2S6 polymorphs.
(c) Unit cell of the newly predicted C2-Na2S8 phase. Sodium atoms are colored blue, and sulfur atoms
are yellow.

Finally, EA searches were carried out on the Na2S8 stoichiometry, which has not been considered
in other studies before. The dynamically stable C2 symmetry structure shown in Figure 4c was found
to have the lowest energy and it lay 10/30 meV/atom above the PBE/optB88-vdW convex hulls.
This phase is comprised of an unbranched S2−

8 stretched, helical-like chain. Its PBE band gap was
indirect and measured 1.56 eV.

Two sodium rich metastable phases, whose structures can be derived from the known 1 atm
Fm3̄m-Na2S configuration, which has one formula unit per primitive cell and is shown in Figure 5a,
were found. The P3̄m1-Na3S and Pmn21-Na4S phases illustrated in Figure 5b,c lay 69/71 and
67/70 meV/atom above the PBE/optB88-vdW convex hull, respectively. In the antifluorite Na2S
structure the S2− anions are arranged on a face centered cubic (fcc) lattice, and all of the tetrahedral
sites are filled with Na+ cations, with the Na-Na nearest neighbor distances measuring 3.267 Å.
The P3̄m1-Na3S phase can be derived from a three-formula unit supercell of the antifluorite structure
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where one sulfur atom has been removed from the fcc lattice. This results in a distortion from
perfect cubic symmetry, with Na-Na-Na angles measuring 89.3 and 89.9◦, and Na-Na nearest
neighbor distances measuring 3.288 and 3.242 Å. Another dynamically stable R3̄m symmetry phase
that was 0.7/1.5 meV/atom less stable within PBE/optB88-vdW was also found in the structure
searches. Its coordinates and computed properties are provided in the Supplementary Materials.
The Pmn21-Na4S structure contained four formula units. It can be obtained by inserting layers of
sodium atoms into a supercell of the antifluorite structure, which results in a minimal structural
distortion in the anti-CaF2 layers, with Na-Na distances along the a and c lattice vectors measuring
3.344 and 3.267 Å, respectively.

Figure 5. Crystal structures of (a) Fm3̄m-Na2S, (b) P3̄m1-Na3S and (c) Pmn21-Na4S phases at 0 GPa.
Sodium atoms are colored blue, and sulfur atoms are yellow.

The PBE band gap in Fm3̄m-Na2S was computed to be 2.47 eV, as expected for an ionic phase.
As shown in the Supplementary Materials, the sodium rich P3̄m1-Na3S and Pmn21-Na4S compounds
are metals. Plots of the ELF, given in Figure 6, illustrate that regions where the bonding is metallic,
indicated by an ELF value of ∼0.5, are localized along the two-dimensional layers of sodium atoms.
The DOS of both structures between −2.5 eV to the Fermi level has step-like features, as would be
expected for a two-dimensional electron gas [82]. The ELF plots also show spherical regions with
high ELF values that encompass the sulfur atoms, suggestive of an S2− oxidation state, and regions
with a high ELF value between adjacent Na layers within Pmn21-Na4S . The latter are labeled “Es” in
Figure 6d, since they resemble interstitial electrons that are paired in anion-like species, which have
been computed for a number of high-pressure electrides exhibiting ionic bonding [83,84].

Figure 6. The electron localization function (ELF) plots of sodium rich phases at 0 GPa. P3̄m1-Na3S:
(a) ELF isosurface plot using an isovalue of 0.5, and (b) slice of the ELF in the [100] plane. Pmn21-Na4S:
(c) ELF isosurface plot with an isovalue of 0.8, and (d) slice of the ELF in the [110] plane. In the
two-dimensional plots, the positions of the S and Na atoms are denoted, as is the plane of the
two-dimensional electron cloud (Ec) and the positions of the interstitial electron pairs (Es).
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3.2. Na-S System at High Pressure

Because dispersion interactions are unlikely to be important under pressure [85], calculations
at 100, 150 and 200 GPa were carried out with the PBE functional. Figure 1 illustrates that only
Na3S and Na2S were thermodynamically stable at all of these pressures. Na2S2 lay on the 100 and
150 GPa convex hulls, whereas Na4S and Na2S4 lay on the 200 GPa convex hull. The inclusion of
the ZPE corrections did not affect the identity of the thermodynamically stable stoichiometries at 100
and 150 GPa, but it added Na2S2 and Na2S3 to the 200 GPa hull, and pushed Na2S4 away from it.
Because phonon calculations (see the Supplementary Materials) confirmed that all of these phases were
dynamically stable, and high-pressure experiments can lead to the formation of metastable species [86];
the structures of all of these phases are discussed below.

The Na2S stoichiometry was the lowest point on the convex hull among all other binary phases
between 100–200 GPa. The species seeded into the EA, including the experimentally known Ni2In
structure (P63/mmc) [26] and a previously predicted anti-AlB2 structure (P6/mmm) [31] were found
to be the most stable at 100–150 GPa and 200 GPa, respectively. DFT calculations have predicted that
Na2S is an insulator up to 300 GPa, with PBE band gaps of ∼3.50, 3.25, and 1.70 eV at 100, 150 and
200 GPa, respectively [31].

The evolutionary search for Na2S2 at 100–200 GPa found a Pbam symmetry structure, shown in
Figure 7a, which contained two formula units in its primitive cell. It lay on the convex hull at 100 and
150 GPa, and was only 5 meV/atom away from the hull at 200 GPa. Its shortest S-S distances were
no longer than 2.040 Å at all of the pressures studied, which is comparable to the measured S-S bond
length within α-S at ambient conditions, 2.055 Å [73]. A plot of the ELF, shown in the Supplementary
Materials, confirmed the presence of layers of S2−

2 dimers, arranged in a herringbone type fashion.
The Na2S3 stoichiometry lay above the convex hull at all pressures considered, however the

distance from the hull decreased from 65 to 25 meV/atom from 100 to 200 GPa. The C2/c phase
shown in Figure 7b, which was metastable between 100 and 150 GPa, is comprised of one-dimensional
branched tertiary sulfur chains with S-S distances of 2.180 Å along the chain, and 2.030 Å along the
branch. By 150 GPa, the I4/mmm structure illustrated in Figure 8a, was enthalpically preferred. It is
comprised of two layers of square sulfur nets, with S-S distances of 2.092 Å at 200 GPa, separated by
sodium nets.

Na2S4 was thermodynamically stable at 200 GPa, but it lay 55 and 3 meV/atom from the 100
and 150 GPa hulls. The most stable structure between 100–110 GPa, shown in Figure 7c, had C2/c
symmetry and contained layers of hexagonal puckered corner-sharing chair cyclohexane-like rings
with S-S distances of 2.105 and 2.232 Å. The Bader charges on the 4- and 2-coordinated sulfur atoms
were −0.16e and −0.60e, respectively. Above 110 GPa, the I4/mmm structure, shown in Figure 8b, was
preferred. Similar to I4/mmm-Na2S3, it was comprised of two sets of two-dimensional square sulfur
layers with S-S distances of 2.092 Å at 200 GPa separated by a single square net of sodium atoms.

The stoichiometries with an even larger ratio of sulfur to sodium lay between 35–85 meV/atom
from the non-ZPE corrected convex hull. The structure dubbed C2/m-I Na2S5 was the most stable at
100 GPa, but by 130 GPa another phase with the same symmetry, C2/m-II Na2S5, became preferred
(see Figure 7d,e). At 100 GPa, the sulfur sublattice in the former contained zigzag chains with
S-S distances of 2.076 Å, as well as one-dimensional corner sharing squares with S-S distances of
2.194 Å running along the b-lattice vector. The higher pressure structure was comprised of these same
one-dimensional square nets fused at the edges with S-S distances ranging from 2.029 to 2.070 Å at
200 GPa.

At 100 GPa, the lowest enthalpy Na2S6 structure adopted C2 symmetry (see Figure 7f), and it
lay 60 meV/atom above the convex hull. It was comprised of sulfur atoms as well as dimers and
V-shaped trimers, as shown in the ELF plots in the Supplementary Materials, with S-S bond lengths
of 2.062 Å, and 1.998–2.180 Å, respectively. The I4/mmm phase illustrated in Figure 8c lay 35 and
45 meV/atom above the hulls at 150 and 200 GPa, respectively. It resembled the high-pressure Na2S4
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and Na2S3 phases, except that its sulfur layers contained both edge-sharing cubes and square nets
with S-S distances of 1.916–2.111 Å and 2.111 Å, respectively at 200 GPa.

Figure 7. Predicted crystal structures of Na2Sn (n = 2–6) phases under pressure whose sulfur sublattices
were comprised of molecular (dimers, trimers) or one-dimensional (chains, corner or edge sharing
squares, or corner sharing cyclohexane-like rings) motifs: (a) top and side view of Pbam-Na2S2 at
200 GPa; (b) C2/c-Na2S3 at 100 GPa; (c) C2/c-Na2S4 at 100 GPa; (d) C2/m-I Na2S5 at 100 GPa;
(e) C2/m-II Na2S5 at 200 GPa; and (f) C2-Na2S6 at 100 GPa. Sodium atoms are colored blue, and sulfur
atoms are yellow.

Evolutionary searches carried out at 100, 150, and 200 GPa for Na2S8 discovered the metastable
P4/mmm phase shown in Figure 8d. This species was reminiscent of I4/mmm-Na2S6 with layers
comprised of fused cubes and square nets with S-S distances of 1.903–2.124 Å and 2.124 Å, respectively,
at 200 GPa. ELF plots for P4/mmm-Na2S8 are provided in the Supplementary Materials because they
are representative of the ELFs obtained for phases that contained square and/or cube-like sulfur nets.
In all of the structures studied, the ELF plots suggested that the S-S bonds within the two-dimensional
sheets were weaker than the bonds between atoms in different sheets. For example, in P4/mmm-Na2S8

the S-S distances along the a- and b-directions were 2.124 Å and the negative of the crystal orbital
Hamilton populations integrated to the Fermi level (-iCOHPs) were 2.5 eV. For the S-S bonds that
were oriented along the c-direction these values became 1.903 Å and 5.5 eV, which is comparable with
a bond length of 2.168 Å and -iCOHP of 4.8 eV in the S2−

2 dimer in α-Na2S2 at 0 GPa. The pressure
induced polymerization and bond weakening observed in the two-dimensional sulfur layers has been
seen in other systems before. For example, it has been shown that the Cl2 molecules present in XeCl at
40 GPa undergo polymerization to form one-dimensional zigzag chains by 60 GPa with the -iCOHPs
between nearest neighbor atoms computed to be 3.81 eV and 2.16 eV, respectively [85]. By 100 GPa,
however, there is no evidence of Cl-Cl bond formation with computed ELF and -iCOHPs characteristic
for monoatomic Cl.

Within the 100–200 GPa pressure range, the most stable Na3S stoichiometry unearthed contained
two formula units in its primitive cell, and it possessed P63/mmc symmetry. This structure,
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illustrated in Figure 9a, consisted of an ABAB. . . stacked triangular net where each sulfur atom
was [6+6] coordinated with Na-S distances of 2.216 and 2.286 Å at 200 GPa. We also optimized Na3S
stoichiometries that were analogous to the R3̄m and Im3̄m structures proposed for superconducting
H3S [37]; as shown in the Supplementary Materials, their enthalpies were at least 600 meV/atom
and 1000 meV/atom higher, respectively, between 100–200 GPa. Moreover, sodium analogs of the
previously predicted Pm3m, I4/mmm and Fm3m-Li3S [35] and Pm3m, I4/mmm-K3S [36] phases were
relaxed, and they were found to be at least 160 meV/atom less stable than P63/mmc-Na3S between
100 and 200 GPa.

Figure 8. Predicted crystal structures of Na2Sn (n = 3, 4, 6, 8) phases at 200 GPa whose sulfur sublattices
were comprised of two-dimensional square or cube nets, and whose sodium sublattices were comprised
of square nets: (a) I4/mmm-Na2S3; (b) I4/mmm-Na2S4; (c) I4/mmm-Na2S6; and (d) P4/mmm-Na2S8.
Sodium atoms are colored blue, and sulfur atoms are yellow.

Figure 9. Predicted crystal structures of sodium rich phases at 200 GPa: (a) P63/mmc-Na3S; and
(b) Cmcm-Na4S. Sodium atoms are colored blue, and sulfur atoms are yellow. Blue and yellow lines
represent nearest neighbor contacts.
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The Cmcm symmetry Na4S phase, shown in Figure 9b, was also found to be the most stable in the
whole pressure range of 100–200 GPa. At 200 GPa, it lay on the convex hull, but at 100 and 150 GPa, it
was 35 and 10 meV/atom above the hull. It can be viewed as a cut triangular two-dimensional lattice
that is joined to another such lattice via a square net. Individual sheets are stacked in an ABAB fashion.
Geometry optimizations of the sodium analog of Cmcm-K4S [36] were between 25 and 50 meV/atom
less stable than Cmcm-Na4S, whereas the enthalpies of the sodium analogs of R3̄m-Li4S [35] and
K4S [36] were at least 200 meV/atom higher than the most stable structure found here.

3.3. Electronic Structure and Superconductivity under Pressure

The PBE band structures and electronic DOS plots of the high-pressure dynamically stable phases,
provided in the Supplementary Materials, showed that within their range of stability they were all
metallic. Under pressure elemental sodium transforms from the ambient pressure bcc structure to
an fcc phase at 65 GPa [58], followed by the semi-metallic cI16 structure at 103 GPa [87]. Near the
minimum of the melting temperature a number of complex crystal structures, with unit cells as large
as 512 atoms, have been identified experimentally within a narrow temperature/pressure range [59].
Remarkably, as first predicted by theory [88], sodium undergoes a metal to insulator (MIT) transition
by 200 GPa, which results from the overlap of core electrons and the concomitant localization of p − d
hybridized valence electrons, which render this phase an electride [61]. Theoretical calculations have
found that the maximum electron–phonon-coupling parameter, λ, for sodium occurs for the cI16
phase near 140 GPa [89]. Estimates of the Tc within the Allen–Dynes modified McMillan equation and
μ∗ = 0.13 found a maximum Tc of 1.2 K, leading to the conclusion that superconductivity in sodium
prior to the MIT is weak or non-existent. In addition, because DFT calculations showed that most of
the metal rich binary lithium and potassium sulfides had no or low Tc [35,36], we thought it unlikely
that the P63/mmc-Na3S and Cmcm-Na4S phases found herein would be good superconductors.

In contrast, compressed sulfur is among the elemental phases with the highest Tc, reaching up
to 17 K in the rhombohedral β-Po geometry near 160 GPa [90]. The β-Po structure can be viewed as
a simple cubic (sc) lattice compressed along the body diagonal, and both can be described using the
same unit cell with rhombohedral angles of 90◦ (sc) and 104◦ (β-Po) [91]. This made us wonder if
the metastable I4/mmm-Na2S6 or P4/mmm-Na2S8 phases, which both contained sc-like sulfur layers,
could potentially be candidates for conventional superconductivity? Calculations were carried out on
the latter since it had a higher sulfur content, and a larger normalized density of states at the Fermi
level. Figure 10 shows the computed phonon band structure, Eliashberg spectral function, and the
electron–phonon integral for P4/mmm-Na2S8. Because of the similar masses of the sodium and sulfur
atoms, both atom types contribute to the phonon modes across the frequency spectrum. The EPC was
calculated to be λ = 0.79 and the logarithmic average frequency ωlog = 344.8 K, resulting in a Tc of
15.5 K using a μ∗ = 0.1. For comparison, LDA calculations on the β-Po structure at 200 GPa obtained
λ = 0.78 and Tc = 19.2 K using the Allen–Dynes approximation with μ∗ = 0.11 [91], and Tc ∼16 K via
the multiband approach within the superconducting density functional theory (SCDFT) formalism [92].
Thus, the propensity for superconductivity in P4/mmm-Na2S8 under pressure appears to be similar to
that of elemental sulfur.
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Figure 10. Phonon band structure, Eliashberg spectral function (α2F(ω)), and the electron phonon
integral (λ(ω)) for P4/mmm-Na2S8 at 200 GPa. Circles indicate the phonon linewidth with a radius
proportional to the strength.

4. Conclusions

Evolutionary structure searches coupled with first-principles calculations have been employed to
explore the phase diagram of sodium-rich and sodium-poor sulfides at 1 atm and within 100–200 GPa.
At ambient pressure, the Na2Sn, n = 1, 2, 4, 5, stoichiometries were thermodynamically stable, whereas
n = 3, 6, 8 were low lying metastable species. In addition to identifying experimentally known
or previously predicted species, we also found the novel C2/c-II and Imm2-Na2S3 phases, which
differed in the orientation of the S2−

3 anions, as well as C2-Na2S5, which contained unbranched
trans S2−

5 chains, and C2-Na2S8, which was comprised of S2−
8 helical-like chains. Even though the

inclusion of van der Waals interactions did not have much of an impact on the optimized volumes
of these phases, in some cases it did have an effect on the computed energy ordering of different
polymorphs. Two dynamically stable sodium rich phases, P3̄m1-Na3S and Pmn21-Na4S, whose
enthalpies of formation lay ∼70 meV/atom above the convex hull were also identified. Their structures
were related to Fm3̄m-Na2S, and they had intriguing electronic structures whose metallicity was
derived from two-dimensional sodium sheets.

With the exception of the Na2S stoichiometry, the high-pressure Na-S phase diagram has not been
studied before. The stable and metastable sulfur-rich phases contained sulfur motifs that included
atoms, dimers, V-shaped trimers, branched polymeric and zigzag chains, as well as two-dimensional
corner-linked cyclohexane-like rings, and edge/corner-linked squares. At 200 GPa, the most stable
Na2Sn, n = 3, 4, 6, 8, phases were comprised of sodium nets and two-dimensional fused cube or square
sulfur nets, whose electronic structure was interrogated. The Allen–Dynes modified McMillan formula
was used to predict the superconducting critical temperature, Tc, of Na2S8 at 200 GPa, and it was found
to be comparable to previous theoretical estimates for the β-Po sulfur phase, 15.5 K for the polysulfide
vs. 16–19 K for elemental sulfur [91,92]. At 150–200 GPa, P63/mmc-Na3S and Cmcm-Na4S were found
to be thermodynamically stable, and their structures differed from those proposed earlier for H3S [37],
Li3S [35], K3S [36], Li4S [35], and K4S [36] under pressure.

Supplementary Materials: The following are available online at http://www.mdpi.com/2073-4352/9/9/441/s1.
Supplementary Materials include the structural coordinates, relative enthalpies, equation of states, volumes,
zone-center vibrational frequencies at 0 GPa, electron localization functions, electronic band structures, densities
of states, phonon band structures, and electron–phonon coupling parameters for the structures discussed in this
paper. Other requests for materials should be addressed to E.Z. (ezurek@buffalo.edu).
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Abstract: We introduce a number of extensions and enhancements to a genetic algorithm for crystal
structure prediction, to make it suitable to study magnetic systems. The coupling between magnetic
properties and crystal structure means that it is essential to take a holistic approach, and we present
for the first time, a genetic algorithm that performs a simultaneous global optimisation of both
magnetic structure and crystal structure. We first illustrate the power of this approach on a novel
test system—the magnetic Lennard–Jones potential—which we define. Then we study the complex
interface structures found at the junction of a Heusler alloy and a semiconductor substrate as found
in a proposed spintronic device and show the impact of the magnetic interface structure on the device
performance.

Keywords: structure prediction; magnetic materials; genetic algorithm; global optimisation; ab initio;
DFT; structural fingerprint; magnetic Lennard–Jones; Heusler alloy; half-Heusler alloy

1. Introduction

In order to meet the challenges posed by modern and emerging technologies, it is increasingly
necessary to look beyond existing, known materials. Many fields, from solar cells to spintronic
devices, call for materials with unprecedented performance characteristics, or even entirely new
behavior. Searching for new materials experimentally is expensive and time-consuming, but the advent
of efficient, accurate computational materials modeling offers a potential way forward. Magnetic
materials are of particular interest, with applications from fast, high-density data storage such as
magnetic RAM devices [1] and heat-assisted magnetic recording (HAMR) [2], to new spintronic and
quantum devices, such as spin-valves [3,4]. Magnetic materials include conventional ferromagnets
along with more exotic structures, such as antiferromagnets, ferrimagnets, and spin glasses. These
materials are already at the heart of many important technologies, but play an increasingly important
role in developing and future technologies.

Many of the strong permanent magnets in use today rely on rare-earth elements [5] and there is
concern over the sustainability of these elements’ availability [6]. Therefore, developing ferromagnets
made from more readily available materials is desirable.

In order to determine a material’s properties, it is not sufficient to know its chemical composition,
it is also vital to understand the crystal structure of the material. In general, atoms will arrange
themselves in a material so as to minimise the total (free) energy. One method to determine crystal
structure is to estimate an initial atomic configuration, compute the atomic forces and lattice cell stress
according to a suitable model, and then adjust the atomic positions and lattice parameters in order
to minimise the energy (where the forces and stresses are zero). This procedure works well if the
initial geometry is sufficiently close to the true ground state, and this workflow has been the backbone
of computational materials studies for many decades. However, the resultant optimised structure
only represents the local energy minimum; that is, this procedure finds the lowest energy structure

Crystals 2019, 9, 439; doi:10.3390/cryst9090439 www.mdpi.com/journal/crystals21
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which is closest to the initial geometry. It is possible that a lower-energy structure exists, but that it is
separated from the initial geometry by an energy barrier which the local optimisation procedure will
not overcome. This situation is depicted in Figure 1.

E(
x)

A

B
C

(1)

x
Figure 1. An example of global (A) and local (B, C) minima for a function f (x). The dashed lines mark
the boundaries between the different basins of attraction. A local minimisation method will find a
different minimum (A, B or C) depending upon which basin of attraction the starting point (1) is in.
Note: point (1) is closer in x to B, but is in the basin of attraction of A.

In fact, many materials do possess a range of low-energy phases, and determining the stable
phase(s) under given environmental conditions is extremely challenging, even for well-studied classes
of materials. In general, finding the full range of stable phases requires a global optimisation method,
usually involving a wide range of simulations, encompassing atomic configurations which span all the
possible phases. Developing global optimisation methods is an active research field in materials
modelling, and existing methods include basin hopping [7–9], random structure searching [10],
meta-dynamics [11], swarm optimisation [12] and evolutionary algorithms. The latter class includes
genetic algorithms [13–16], which have met with great success in materials modelling and are the focus
of this work.

Conventional global optimisation methods for crystal structure prediction often work in the
basis of the atomic positions and lattice vectors. However when considering systems with nontrivial
magnetic structures, this representation leads to a multi-valued energy landscape to search, even when
the crystal structure itself is relatively well-established. As a result of this, conventional algorithms can
struggle when it comes to searching the combined phase space of magnetic- and crystal-structures for
magnetic materials.

Therefore, in this work, we present a novel genetic algorithm (GA) for the simultaneous global
optimisation of both the magnetic structure and the crystal structure of a material. We shall explain the
key ideas, and then illustrate with two example studies. The first is a new model system, suitable for
the study of magnetic systems at the atomic scale—the magnetic Lennard-Jones potential. Whilst the
conventional Lennard–Jones potential is a well-known test system for many structural and dynamical
algorithms, it has not yet (to our knowledge) been extended to study magnetic systems. We shall
introduce this system and explore some of its fundamental behaviour as a means to test our new
magnetic GA. The second system we shall study is more complex, and is inspired by recent experiments
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on spintronic systems, and is an interface between a Heusler alloy and a Ge substrate. We shall use the
magnetic GA to find the optimal interface structure and show how the novel predicted structure can
explain the experimental data.

2. Materials and Methods

2.1. Materials Modelling

The first step in finding a stable crystal structure is to have a reasonable model for the energy of
any particular atomic configuration. There are two main classes of models in this context: classical
forcefields; and quantum mechanical methods.

Classical forcefields are multivariate functions which take the atomic species and positions as
input, and return the internal energy of the system and the atomic forces (the first derivative of the
energy with respect to the atomic positions). Since atomic interactions depend on the positions of
the atoms relative to each other, rather than the absolute positions themselves, forcefields are usually
expressed in terms of bond lengths and, depending on the particular forcefield, bond angles and bond
torsions. One of the earliest and simplest interatomic forcefields was proposed by Lennard–Jones [17],
and expresses the energy ELJ of an atomic configuration as

ELJ = ∑
i,j �=i

4εij

⎡
⎣(σij

rij

)12

−
(

σij

rij

)6
⎤
⎦, (1)

where rij is the distance between atoms i and j and εij and σij are parameters of the potential which
control the equilibrium bond energy and bond-length, respectively.

Forcefields are generally computationally cheap and simulations of millions of atoms may be
carried out routinely. The main drawbacks of forcefield methods are the need to select and parameterise
an appropriate forcefield for the material, and the inability of most forcefields to model dynamic
changes in chemistry such as bond breaking or formation.

Quantum mechanical approaches centre on solving the many-body Schrödinger equation for the
electrons and nuclei which comprise the material. These approaches have two principal advantages
over forcefield methods: they are parameter-free since the form of the Schrödinger equation is
known exactly; and by modeling the electrons explicitly, the approaches handle seamlessly chemical
complexities such as bond formation and breaking, or environmentally-dependent oxidation states.
There is one significant drawback, however, in that this is an extremely computationally intensive
task and solving the many-body Schrödinger equation in its original form is unfeasible for materials.
Most practical quantum-mechanical materials simulations are based on a reformulation of quantum
mechanics known as density functional theory (DFT).

DFT is founded on the Hohenberg-Kohn theorem [18], which proves that the ground state energy
of a many-body quantum system is a unique, universal functional of the particle density and has no
explicit dependence on the many-body wavefunction. Kohn and Sham [19] used this to demonstrate a
formal link between the ground state of the many-body Schrödinger equation, and the ground state of
a related auxiliary set of coupled single-particle equations. Crucially, these auxiliary equations may be
solved with far less computational resources than the original many-body expressions [20,21].

In principle the mapping between the many-body system and the auxiliary system is exact,
but there is one term in the auxiliary equations which is unknown: the exchange-correlation potential.
The exchange-correlation potential must be approximated in practical calculations, with the most
common approximations being built on known limits and numerically-exact results for weakly
interacting electron gases, e.g., the approximation of Perdew, Burke and Ernzerhof [22]. Despite these
approximations, DFT has enjoyed popularity and great success in a wide range of materials
simulations [23,24].
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2.2. Genetic Algorithms

A common solution to the need for global energy optimisation is to use an ensemble,
or ‘population’, of starting atomic geometries. Each of these candidate geometries can then be
optimised independently with a local optimisation method, in an attempt to map out the possible
local minima. Since the initial geometries are unlikely to span enough of the configuration space to
find all the local minima, the geometries are typically updated in order to explore other regions of the
configuration space. Due to the independent nature of these members, population-based methods
often have more scope for parallelism than other methods.

One popular class of population-based methods for structure prediction is that of genetic
algorithms (GAs) [13–16]. In these algorithms, the ‘fitness’ of members of a population is evaluated in
some appropriate manner (e.g., from the binding energy per atom) in an attempt to decide which of
them are most likely to find solutions of interest. The population is then updated by selecting favorable
(e.g., low-energy) members of the population, and generating new population members by combining
these members to produce ‘child’ members, a process known as ‘crossover’, followed by some random
mutation(s). Depending on the problem at hand, a variety of methods exist for this fitness evaluation,
member recombination, and selection stages.

When considering how to represent an optimisation problem for a genetic algorithm, a choice
needs to be made about how the search vector is to be represented for these operations. A simple GA
may treat the input vector simply as a 1D array of real numbers or as a bit string representing that
vector. However, it is often the case that a more physically meaningful representation of the search
vector can improve the convergence characteristics of the algorithm. In addition to pure GAs, a number
of hybrid GAs exist, incorporating ideas from other algorithms. For example, memetic algorithms
allow each member of the population to perform local searches.

In this work, we started from the GA developed by Abraham and Probert [14], which was
created specifically for the prediction of crystal structures in periodic boundary conditions. In this GA,
the crossover is performed in real-space by using a pair of periodic cuts to select material from each
parent structure. This material is combined to form child structures, as illustrated in Figure 2.

Figure 2. Real-space crossover of two unit cells, each containing six atoms across two different atomic
elements (black and white circles) in two dimensions using a pair of periodic cuts (dashed lines).
The cuts define two sets of atoms for each of the parents (left): the ‘inner’ set comprises atoms lying
between the two cuts; and the ‘outer’ set comprises the remainder of the atoms. Child structures (right)
are formed by combining atoms from the ‘inner’ set of one parent, with those from the ‘outer’ set of the
other parent.
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Following crossover, the child structures are mutated before a local optimisation method is
performed. Several different types of mutations are allowed: deformation of the cell vectors;
perturbations of the atomic positions; and inter-atomic swaps (see Figure 3). Mutations are important
to GAs, as they are the only way of introducing fundamentally new structural features which are not
present in previous populations.

Figure 3. Example of mutation operations on one of the child structures from Figure 2. The original
cell (top left) can be mutated by: changing the cell vectors (top right); perturbing the atomic positions
(bottom left); or permuting the atoms (bottom right).

Once the local optimisation method has optimised all of the population structures, the fitness of
the structures is evaluated. Based on the fitness, some structures are removed from the population
(preferentially those with low fitness) and some structures are chosen for crossover (preferentially
those with high fitness).

One potential weakness of the method outlined thus far is the tendency of population members
to become more and more similar, a process known as ‘stagnation’. In extreme cases, every single
population member may converge to the same structure; this structure usually represents a stable,
low-energy phase but it is not necessarily the global minimum-energy structure, and once a population
has stagnated it is almost impossible for it to diversify again significantly.

In order to prevent stagnation, the GA was extended in Ref. [25,26] to incorporate a structure-factor
based fingerprinting technique, which enables the GA to differentiate structures in order to penalise
structures that are too similar, lowering their fitness and encouraging diversity within the population.
For a given structure x containing N atoms, the (non-magnetic) fingerprint is defined as:

Λ(k) =
N

∑
i=1

ρ2
i + 2

N

∑
i=1

N

∑
j>i

ρiρj × j0
(
k|�ri −�rj|

)
, (2)

where �ri is the position of atom i, ρi is the charge density of the nucleus of atom i, defined to be Zi
at�ri and zero elsewhere, and j0 is the spherical Bessel function of the first kind. For each structure,
the value of Λ is calculated for a range of values of wavenumber k.

Using this fingerprint, the difference between two structures can then be quantified, for example
using an R-factor inspired by the Pendry R-factor. Using this, the difference between two structures x
and x′ is defined as:

Rxx′ =
∑k |Λx(k)− Λx′(k)|

∑k Λx(k)
. (3)
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2.3. Extending the GA for Magnetic Materials

A GA may be extended to optimise magnetic systems by the simple expedient of including
magnetic effects in the calculation of energies and forces, and allowing the local optimisation method
to minimise the energy with respect to the magnetic degrees of freedom as well as the crystal structure.
However, this naïve approach suffers from two severe problems: firstly, the magnetic energy landscape
itself has multiple minima, necessitating a global energy optimisation method; secondly, the magnetic
structure and crystal structure of a material are often coupled, and may not be treated independently
of each other. Elemental iron may be considered a prototypical example of both effects, possessing an
antiferromagnetic face-centred cubic phase in addition to the familiar ferromagnetic body-centred cubic
phase (see Figure 4). For these reasons it is important to consider the magnetic- and atomic-structure
of a material on an equal footing, and to be able to predict both simultaneously.
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Figure 4. Comparison of the binding energies per atom of iron in the face-centred cubic (FCC)
and body-centred cubic (BCC) structures, for ferromagnetic (FM), antiferromagnetic (AFM) and
non-magnetic (NM) arrangements of the atomic spins. This illustrates the importance of both crystal
structure and magnetic ordering on the overall stability of a magnetic system. Values from [27].

In order to account for magnetic effects within the GA itself, the magnetism needs to be included
within the representation of the structure and evolved using updated GA operations such as crossover
and mutations. For the representation of magnetism in the system, this work assigns an atomic spin
to each atom, which can be either an additional degree of freedom for collinear spin systems or an
additional three degrees of freedom for non-collinear spin systems. When considering DFT simulations,
spin information will typically be represented as the electronic spin density across all space. In order to
project this onto the atomic representation, Hirshfeld analysis [28] was used to partition the electronic
spin density into regions of space associated with each atom. This information can then be transmitted
from parent structures to offspring during the crossover operation.

2.3.1. Perturbation/Permutation Operations

In order for a GA to optimise the spins efficiently, mutation operations need to be extended to
also affect the spin degrees of freedom. This work defines two spin mutations: perturbation and
permutation of the atomic spins.

In the case of perturbations, a distinction needs to be made between collinear and non-collinear
spin systems. For collinear spin systems, there is only one scalar value per atom to optimise.
The perturbation therefore takes the same role as the atomic position perturbations, where the role
of the perturbation is to move the system from one basin of attraction to another. Since there is a
maximum value these spins can take, i.e., the total number of electrons associated with the atom, issues
may arise trying to add an additional perturbation to an existing spin. For example, an atom with
saturated spin given a positive perturbation will become unphysical. As a result, the spin perturbation
is evaluated as a uniform random number between -spin_max and spin_max, where spin_max is a
user parameter, set to the maximum spin value expected on any atom. For example, for a d-block
transition metal, spin_max should be set to 5 h̄/2, since the d shell is capable of having a maximum
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spin of 5 h̄/2. This perturbation allows atomic spins to spontaneously magnetise, demagnetise or flip,
irrespective of the initial value.

In the case of non-collinear spins, a similar procedure is performed. In this case, the atomic spin is
set to a random vector within the sphere of radius spin_max. Again, this allows any spin state to be
found by the perturbation within the range specified, without the risk of being stuck in a state based
on the structure’s history.

For permutations, the situation is analogous to swapping the atomic positions of different species.
However, since atomic spin is closely related to the crystal structure, it only makes sense to swap
atomic spins of atoms of the same species. For example, swapping the spin of a nickel and oxygen
atom in NiO makes no physical sense, since all the spin exists on the Ni atoms, and the O atoms
generally have zero spin.
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Figure 5. Schematic program flow of a genetic algorithm, as implemented in the CASTEP materials
modelling package.

We shall perform all our calculations using the general purpose DFT code CASTEP [29],
which relaxes the electronic charge density and spin (in either collinear or non-collinear form) to
find the electronic ground state. There may be multiple local minima with different spin configurations.
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Hence the input atomic spin from the GA is used to initialise the electron density, and CASTEP then
acts as a local optimiser for the atomic spin. This process may then be repeated as CASTEP performs a
geometry optimisation to find the (local) minimum energy configuration of atomic positions and cell
vectors (Figure 5).

2.3.2. Magnetic Fingerprinting

To encourage diversity in the population, it is important to be able to quantify the differences
between structures. In Abraham and Probert [25,26], a fingerprint was introduced that was
translationally and rotationally invariant, and could successfully distinguish different structures.
However, it will fail to distinguish two magnetic systems that have the same crystal structure but
a different arrangement of spins. Hence we propose an augmented fingerprint Λaug, inspired by
magnetic scattering experiments, that can differentiate magnetic structures [30]:

Λaug(k) = Λ(k) + q2Λmagn(k) (4)

where Λ(k) is the original crystal structure fingerprint as defined in Equation (2) and

Λmagn(k) =
N

∑
i=1

S2
i + 2

N

∑
i=1

N

∑
j>i

SiSj × j0
(
k|�ri −�rj|

)
(5)

is the magnetic structure fingerprint term. Here Si is the spin on atom i and q is some scaling parameter
which allows the overall fingerprint to be more or less sensitive with respect to differences in magnetic
structure and crystal structure.

The R-factor in Equation (3) can be used with this augmented fingerprint to quantify the difference
between two magnetic structures. As an example, the effect of perturbations on a 6-atom Fe unit cell
is shown in Figure 6. The black crosses represent the R-factor difference of structure with perturbed
atomic positions with respect to the original reference structure. The red squares and blue circles
represent similar perturbations with an additional perturbation to the atomic spins. Here a value
of q = 5 was used to make significantly different spin structures (ΔS ≥ h̄/2) appear as different as
significantly different crystal structures (Δr > 0.2 Å), both of which can be represented by an R-factor
difference of Rxx′ > 0.03.

2.4. Case Studies

2.4.1. Fictional Magnetic Potential: LJ + S

In order to test the GA on magnetic systems, a pair-potential model including magnetic effects was
defined. Since a significant portion of these effects are intrinsically quantum mechanical or many-body
in nature, it is difficult to capture all of these effects in empirical potentials without limiting them to
some specific regime. Magnetic moments on isolated atoms tend to arise from partially filled electronic
states, as dictated by Hund’s rules. As a result, atoms with nonzero magnetic moments tend to be
polyvalent, causing an additional challenge to empirical pair potentials.

Since magnetic effects are often too complex to include explicitly in pair-potentials, their effects
are usually included implicitly through the mechanical and thermal properties used to parameterise
them [31]. There are some empirical potentials however that try to explicitly include magnetic
effects [31–33] and some machine learning models have been trained to deal with magnetic systems [34].
These models tend to require far more complex effects than simply pair-wise interactions.

Given all this, attempting to describe real magnetic materials using a pair-potential is beyond the
scope of this work. Instead, the spatial dependence of the energy from the standard (non-magnetic)
Lennard-Jones potential was combined with the magnetic dependence of the energy from the
lattice-based Heisenberg model in order to create a potential which behaves somewhat like a magnetic
material. This work defines a generalised magnetic Lennard-Jones potential as:
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VLJ+S
ij = VLJ

ij − A�Si · �Sj fex(�Rij)︸ ︷︷ ︸
Exchange term

+
B

|�Rij|3

[
�Si · �Sj − 3

|�R2
ij|
(�Si · �Rij)(�Sj · �Rij)

]
︸ ︷︷ ︸

Dipole term

+C fani(�Rij,�Si,�Sj)︸ ︷︷ ︸
Anisotropy term

(6)

In general, a magnetic material may have contributions to the potential from exchange between
sites i and j (with spatial dependence given by the fex(rij) term; a dipole-dipole interaction of the given
form; and a symmetry-dependent anisotropy term.
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Figure 6. R-factor difference (Equation (3)) comparing the magnetic fingerprints (Equation (4)) of
a 6-atom Fe unit cell to the same cell with a range of perturbations applied to the atomic positions.
In addition to just performing perturbations to the positions (black crosses), the processes was repeated
with an additional perturbation to the atomic spins (red squares and blue circles).

In this study, the magnetic GA was tested on a reduced form of this potential where B = C = 0
and fex = exp(−αrij). However this form of fex could be modified to include more complex forms
of the exchange interaction such as the RKKY interaction. The form of the potential used is shown
in Figure 7.

2.4.2. CFAS/n-Ge Interface

One material that is of interest for its magnetic properties is the full Heusler alloy Co2FeAl0.5Si0.5

(CFAS). CFAS is a half-metal and has been proposed as a candidate material for novel spintronic
applications such as spin valves and magnetic tunnel junctions. In order to use Heusler alloys for
device applications, the material needs to be attached to electrical contacts. For a number of spintronic
applications of Heusler alloys, both metallic and semiconducting contacts are required.

It is known that the half-metallic nature of Heusler alloys at the interface can be sensitive to
the exact configuration of the interface atoms, and this can affect the performance of the device.
For example, it is known that Co2MnSi (CMS) grown on a silver surface changes significantly
depending on whether it terminates with a Co layer or a Mn/Si layer [35].
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Figure 7. Analytic form of the LJ+S potential, showing the VLJ+S for aligned and anti-aligned spins
(solid black/red respectively), along with the contributions from the VLJ and magnetic terms (dashed
blue/green respectively). The difference in energy between aligned and antialigned pairs at rmin and
2rmin (d1 and d2 respectively) were derived from DFT calculations on an Fe dimer to parameterise
the potential.

For the CFAS/semiconductor interface, germanium provides an extremely good lattice match
with only a 0.2% mismatch, compared to around 4.5% for CFAS/Si. However, when CFAS is grown on
n-type germanium, significant mixing at the interface can occur, as evidenced by energy dispersive
X-ray spectroscopy (EDS) [36] (see Figure 8).
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Figure 8. Energy dispersive X-ray spectroscopy (EDS) results across the as-grown CFAS/n-Ge interface,
showing significant mixing of the atomic species. Data taken from Kuerbanjian et al. [36].
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In addition, annealing the sample at 575 K forms a plateau in the cobalt intensities and, to a
lesser extent, the iron and germanium intensities, as seen in the EDS results in Figure 9. This suggests
that a stable phase is forming at this point. Since this is in the centre of the interface region and all
the EDS intensities are about half of their respective bulk values, it is proposed that this structure
contains half the number of atoms in the bulk CFAS and half the number of atoms in a germanium
unit cell. This results in a potential Ge4Co4Fe2AlSi structure, containing 12 atoms in the formula unit,
although the crystal structure of this interface phase is unknown. Since the electronic properties of
this phase will affect the half-metallicity of the CFAS/n-Ge interface, the structure of this phase was
investigated using the new magnetic GA.
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Figure 9. EDS results across the annealed CFAS/n-Ge interface, showing significant mixing of the
atomic species. Plateaux can be seen around 6.5–8.6 nm in Co, Fe and Ge, indicated by the shaded
region. Data taken from Kuerbanjian et al. [36].

3. Results and Discussion

3.1. LJ+S

For real-world magnetic materials, it is often the exchange term which dominates the magnetic
interaction. Because of this, the work presented in this section will use a simplified version of the LJ+S
potential, ignoring the dipole and anisotropy terms (i.e., choosing B = C = 0) and using the simple
exchange interaction form fex = exp(−αrij).

In this case, only 2 parameters need to be chosen, A and α. As a result of this, the effect of the
magnetic modifications to the Lennard-Jones potential are to raise and/or lower the energy of aligned
and anti-aligned spins, depending on the sign of A. If A is positive, pairs of aligned spins will act to
lower the energy and anti-aligned spins will raise it. In this case, ferromagnetic magnetic structures
are expected to have the lowest energy, since aligned spins would act to decrease the total energy of
the system. If A is negative, pairs of anti-aligned spins will lower the energy and pairs of aligned spins
will raise it. In this case, antiferromagnetic structures are expected to have the lowest energy, since
aligned spins would act to increase the total energy of the system.

In order to get physically sensible values for A and α, they can be parameterised in a number
of ways. The way which has been chosen here is to parameterise the values to the equilibrium
distance rmin of an Fe dimer, along with the difference in energy at rmin and 2rmin between aligned and
anti-aligned dimers, as demonstrated in Figure 7. These values have been found by performing a DFT
calculation using the CASTEP code and fitting the results to the VLJ+S potential form (Equation (6)).
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3.1.1. Algorithm Performance

The magnetic GA was run on two different six-atom systems of the LJ+S potential. The first
used the parameters listed in Table 1 and the other had the same parameters but with the sign of
A inverted. This provides both a ferromagnetic and antiferromagnetic system on which to test the
algorithm. The GA was allowed to optimise the atomic positions, spins and lattice parameters. The GA
was run with population size of 24 members per generation, and ran for a maximum of 50 generations
for the FM case and 80 generations for the AFM case.

Table 1. Table listing the parameters for the ferromagnetic (FM) parameterisation of the LJ + S potential.

Parameter Value

εLJ+S 1.75 eV
σLJ+S 1.87 Å
A −2.82 eV
α 0.83 Å−1

Each member was locally optimised using the TPSD algorithm for 50 iterations of the local
optimisation to get into the quadratic region, then further converged with the BFGS algorithm.
The structures were converged to a tolerance of 1 meV. Since the LJ+S system spins could not be locally
optimised by CASTEP, the GA spin mutation operation was modified to be a normally distributed
rotation around the surface of the unit sphere, centring on the spin’s previous position.

A mutation amplitude of 2 Å was used for the ions, at a rate of 0.03 mutations per atom. This was
chosen to allow on average one atom every member to mutate, but significantly enough to hop lattice
sites. The spin mutation rate was 0.06 per atom, since the mutations in the spin would be less dramatic.

Figure 10 shows the enthalpies of each structure as a function of the sum of the z component of
the spins for both the AFM and FM parameterisations. It can be seen that, as the calculation progresses,
both the enthalpies and spins of each system converge to their stable states, i.e., ∑ Sz = 0 h̄/2 for the
AFM case and ∑ Sz = 6 h̄/2 for the FM case. Since the magnitude of the spins on each atom is kept
constant at |�Si| = 1h̄/2, these states correspond to fully AFM and fully FM structures respectively.
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Figure 10. Convergence of the enthalpy and spin (∑ Sz) for each structure found by the GA relative
to the ground state for the two parameterisations of the LJ + S potential: AFM (left) and FM (right).
The color represents the generation in which that structure was found.
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3.1.2. Final Structures

The final lowest enthalpy structures are shown in Figure 11. Common neighbour analysis
by the software visualisation package Ovito [37] reveals the ground state structure for the AFM
parameterisation to be face-centred cubic (FCC) and the ground state structure of the FM system to
be body-centred cubic (BCC). It can be seen that as well as finding the crystal structures, the GA was
able to correctly align and anti-align the spins for the FM/AFM structures respectively. This illustrates
the power of our new magnetic GA to perform global optimisation in both spin and crystal structure
spaces simultaneously.

Figure 11. Lowest enthalpy structures for the AFM (left) and FM (top right and bottom right)
parameterisations of the LJ + S model. For the FM parameterisation, both the six-atom unit cell
(top right) and primitive cell (bottom right) are shown. For the AFM parameterisation, a 2 × 2 × 1
supercell is shown to emphasise the BCC structure.

3.2. Heusler/Ge Interface

For the CFAS/Ge interface structure search, the calculation was performed on the 12-atom unit
cell containing four germanium, four cobalt, two iron, one aluminium and one silicon atom. The GA
was allowed to fully optimise the atomic positions. The lattice parameters were constrained to that of
the full Heusler alloy, a = b = c = 5.676 Å, since there is very little lattice mismatch to the germanium
lattice and it is not expected that this would change much over such a short interface region. The GA
was run with a population size of 20 members per generation for a maximum of 100 generations.

An ionic position mutation amplitude of 3 Å was used with a rate of 0.03 mutations per atom. This
was chosen to allow on average one atom every two members to mutate, but significantly enough to
hop lattice sites. A slightly higher ionic permutation rate of 0.04 was chosen since, for the bulk Heusler,
atomic swaps on the lattice sites can be comparable in energy to the ground state. If a similar crystal
structure is found, it is likely that exploring this kind of disorder would be a good idea. The spin
mutation rate was 0.06 per atom. This was chosen to be higher than the atomic mutation rate because
not all atoms would be expected to magnetise, meaning that some mutations would get negated by
the local optimisation.

Each member was optimised using the BFGS algorithm to a tolerance of 1 meV. The energies were
computed using CASTEP, with a cutoff energy of 650 eV and k-point spacing of 0.04 Å−1. The PBE
functional [22] was used in conjunction with Hubbard U values of 2.1 eV on the d-orbitals of iron and
cobalt, in keeping with previous CASTEP studies of the related Heusler alloys [35].
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3.2.1. Algorithm Performance

Figure 12 shows the range of enthalpies for CFAS/Ge structures found at each generation of
the GA. It can be seen that, on average, the enthalpy of structures in decreases significantly over the
first 10 generations, and remains below that of the random structures searched in generation 0 for
the remainder of the calculation. This implies that the GA successfully explores more favourable
regions of the configuration space. In addition, it can be seen that every generation retains a significant
distribution of structures over a range of about 2.5–3 eV. This suggests that the population is remaining
significantly diverse and not converging to a single low enthalpy solution. Finally, the inset to
Figure 12 shows how the lowest enthalpy value found changes during the calculation. The overall
lowest enthalpy structure of the run was found in generation 72. The calculation proceeded for a
further 28 generations without finding a lower enthalpy structure and hence this can be taken as a
reasonable candidate for the global lowest enthalpy structure.

Figure 13 shows the distribution of magnetic structures found, plotted against their energy.
Two clusters of structures are found in the energy range which would be thermally accessible during
growth. The first of these are ferromagnetic, with a total spin of about 8 h̄/2 and a modulus spin of
about 9.9 h̄/2. The second cluster is antiferromagnetic, with a total spin of about 0 h̄/2 and a modulus
spin of about 7.5 h̄/2.

0

1

2

3

4

5

6

7

8

0 10 20 30 40 50 60 70 80 90

En
th

al
py

 (e
V)

Generation

mean E stdev
highest E
lowest E

global lowest E

-0.01
0

0.01
0.02
0.03
0.04
0.05

0 10 20 30 40 50 60 70 80 90

Figure 12. Total enthalpy per 12-atom cell of CFAS/Ge structure relative to the overall lowest enthalpy
structure found. The lines represent the highest, lowest and mean enthalpies, along with the overall
best structure found so far for each generation. The inset shows the best structures found in the
0–0.05 eV range.
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Figure 13. Total spin of the Co2FeAl0.5Si0.5 (CFAS)/Ge GA structures, plotted against enthalpy of the
12 atom cell, relative to the overall lowest enthalpy structure found. Thermally accessible energies are
marked for 575 K (blue dots) and 300 K (red dashes). The color of the points represents the generation
in which the structure was found.

Figure 14 shows these regions in more detail. It can be seen that each cluster contains a number of
structures. These are atomic swaps of the lowest enthalpy structure in each magnetic state. Candidate
structures are labelled A1–A3 for the AFM structures and F1–F4 for the FM structures.
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Figure 14. Clustering of CFAS/Ge structures around the AFM (left) and FM (right) configurations of
the interface phase. In each case, a number of distinct structures have been identified (A1–3, F1–4).

35



Crystals 2019, 9, 439

3.2.2. Resultant Structures

The lowest enthalpy structure F1, shown in Figure 15 turns out to be a half Heusler alloy, where
the X1 site contains cobalt, the X2 site contains a vacancy, the Y site contains the iron, silicon and
aluminium, and the Z site contains germanium. The F2 structure has the same crystal structure
as F1 but with a slightly different spin structure. The F3 and F4 structures have the same crystal
structure except one germanium atom is swapped with the silicon atom from the Y site. The results
are summarised in Table 2. We also performed a Hirshfeld charge and spin analysis, which showed
that in each of these structures the spin is localised on the iron and cobalt, with a spin of around 3 h̄/2
on the iron atoms and 0.5 h̄/2 on the cobalt atoms.

Table 2. Table showing the total enthalpies and spins of the best structures, together with the lattice
permutations in relation to F1.

Structure Enthalpy (eV) Total Spin (h̄/2) Total |Spin|(h̄/2) Disorder

F1 0.0 7.94 9.91 None
F2 0.01 7.89 9.89 None
F3 0.03 7.84 9.92 Ge ↔ Si
F4 0.04 7.89 9.93 Ge ↔ Si
A1 0.13 0.13 7.50 2Ge ↔ Si,Fe
A2 0.14 0.10 7.45 Ge ↔ Fe
A3 0.15 0.00 7.62 None

Figure 15. The 2 × 2 × 2 unit cells of the lowest enthalpy structure found by the GA, showing the
positions of the cobalt (pink), aluminium (grey), germanium (turquoise), silicon (gold) and iron (orange)
atoms.

Unlike the full CFAS structure, none of these structures are half-metallic, with a significant number
of states around the Fermi energy. It does not appear that the atomic disorder separating F1–4 has a
significant effect on the electronic structure of the structures. Figure 16 shows the density of states for
bulk CFAS, along with the lowest enthalpy FM and AFM structures found by the GA. It can be seen
that, unlike the bulk CFAS structure, these structures are not half metallic, as there is no band gap in
the minority spin channel. This provides fundamental insight into how this interface structure might
degrade device performance.
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Figure 16. Density of states (DoS) for bulk CFAS (left) and two candidate half-Heuslers: F1 (middle)
and A1 (right). The red and blue lines show the DoS for the majority and minority spins respectively
relative to the Fermi energy. These are characteristic of the FM and AFM structures discussed in this
paper. It can be seen that, unlike bulk CFAS, neither of the half-Heusler structures have a band gap in
the minority spin channel.

This illustrates the power of our new magnetic GA in an ab initio context, to fully optimise spin and
structure simultaneously, even in the absence of any experimental information on a candidate structure.

4. Conclusions

We have presented an enhanced GA for the structure prediction of magnetic materials, such that
the magnetic and crystal structure may be predicted simultaneously. We have introduced new
operations for atomic spin such as crossover, mutation and permutation operations. In addition,
the idea of structural fingerprinting using the crystallographic structure factor was extended, based
on ideas from magnetic neutron scattering theory, and it was demonstrated that the new fingerprint
could identify both similar and distinct crystal and magnetic structures.

To test the magnetic GA, we introduced a novel pair potential VLJ+S which included magnetic-like
effects. While this potential does not accurately model any particular real-life material, it provided
a computationally efficient way of exploring magnetic materials without the cost of fully quantum
calculations. Two parameterisations were given for this potential. The first was parameterised by
DFT simulations of Fe dimers in both aligned and anti-aligned configurations. Since the Fe dimers
preferred to be aligned, it was expected that this parameterisation would yield a FM structure. This was
observed as the lowest energy structure found by the GA was FM FCC, and there was a clear trend in
the energies of all the structures searched towards FM structures. The second parameterisation was
the same as the first, except for a reversed sign on the exchange-like interaction. This was expected to
result in AFM structures since pairs of aligned spins would raise the energy of the system. Indeed,
the lowest energy structure discovered by the GA was an AFM BCC structure. In addition, there was a
clear trend amongst the other structures towards AFM alignment.

Finally, as an example of studying novel magnetic structures of significant experimental
interest, the interface between the Heusler alloy CFAS and n-doped germanium was investigated.
Experimentally, the two materials showed significant mixing and, when annealed, a new phase formed
at the interface as shown by EDS measurements. The structure of this phase was investigated with the
new magnetic GA, and a half-Heusler structure was predicted.

To conclude, we have presented a new GA for structure prediction capable of optimising both
magnetic and crystal structures simultaneously.
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DFT Density Functional Theory
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Abstract: Electron-transfer processes constitute one important limiting factor governing stability
of solids. One classical case is that of CuI2, which has never been prepared at ambient pressure
conditions due to feasibility of charge transfer between metal and nonmetal (CuI2 → CuI + 1

2 I2).
Sometimes, redox instabilities involve two metal centers, e.g., AgO is not an oxide of divalent silver
but rather silver(I) dioxoargentate(III), Ag(I)[Ag(III)O2]. Here, we look at the particularly interesting
case of a hypothetical AgCl2 where both types of redox instabilities operate simultaneously. Since
standard redox potential of the Ag(II)/Ag(I) redox pair reaches some 2 V versus Normal Hydrogen
Electrode (NHE), it might be expected that Ag(II) would oxidize Cl− anion with great ease (standard
redox potential of the 1

2 Cl2/Cl− pair is + 1.36 V versus Normal Hydrogen Electrode). However, ionic
Ag(II)Cl2 benefits from long-distance electrostatic stabilization to a much larger degree than Ag(I)Cl +
1
2 Cl2, which affects relative stability. Moreover, Ag(II) may disproportionate in its chloride, just like
it does in an oxide; this is what AuCl2 does, its formula corresponding in fact to Au(I)[Au(III)Cl4].
Formation of polychloride substructure, as for organic derivatives of Cl3− anion, is yet another
possibility. All that creates a very complicated potential energy surface with a few chemically distinct
minima i.e., diverse polymorphic forms present. Here, results of our theoretical study for AgCl2
will be presented including outcome of evolutionary algorithm structure prediction method, and the
chemical identity of the most stable form will be uncovered together with its presumed magnetic
properties. Contrary to previous rough estimates suggesting substantial instability of AgCl2, we find
that AgCl2 is only slightly metastable (by 52 meV per formula unit) with respect to the known
AgCl and 1

2 Cl2, stable with respect to elements, and simultaneously dynamically (i.e., phonon)
stable. Thus, our results point out to conceivable existence of AgCl2 which should be targeted via
non-equilibrium approaches.

Keywords: silver; chlorine; learning algorithms; crystal structure; magnetic properties

1. Introduction

Electron-transfer processes constitute one important limiting factor governing stability of solids.
One classic case is that of CuI2, which has never been prepared at ambient pressure conditions due
to feasibility of charge transfer between metal and nonmetal. The energy of ligand-to-metal-charge

Crystals 2019, 9, 423; doi:10.3390/cryst9080423 www.mdpi.com/journal/crystals40
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transfer (LMCT) is negative for CuI2 which results in instability and phase separation, according to the
Equation (1):

CuI2 → CuI +
1
2

I2 (1)

While the process of oxidation of iodide anions by Cu(II) is well-known to every chemistry
freshman, it remains somewhat difficult to explain to a comprehensive school pupil, based on the
values of standard redox potentials, E0, for the relevant species in aqueous solutions. The reason for
that is that the E0 value for the Cu(II)/Cu(I) redox pair is + 0.16 V versus NHE (Normal Hydrogen
Electrode), while that for the I2/2 I− is + 0.54 V, i.e., I2 is formally a slightly better stronger oxidizer
than Cu(II). The detailed explanation necessitates departure from the aqueous conditions (note, E0

values are the feature of solvated species in aqueous solutions). Since Cu(II) in aqueous solutions
is very strongly solvated by water molecules acting as a Lewis base (H2O→ Cu(II)), and this effect
surpassed the one of coordination of water molecules to Cu(I), the oxidizing properties of naked Cu(II)
are certainly stronger than those of solvated ions. Simultaneously, since I− anion is coordinated by
water molecules acting like Lewis acid (OH2 . . . I−) (and coordination to anion is stronger than to
neutral I2 molecules) the E0 value for the I2/2 I− redox pair is actually larger than the one for unsolvated
species. This helps to explain why the balance of a redox reaction for the phases in the solid state, i.e.,
lacking any solvent, is different from the one which might be guessed based on the plain E0 values.

Attempts to more quantitatively explain the lack of stability of CuI2 at ambient (p,T) conditions
involve discussions of ionization potential of monovalent metal, ionic polarizabilities, as well as lattice
energies of relevant solids. Over 60 years ago, following early considerations by Fajans [1], Morris
estimated the standard molar free energy of formation of CuI2 [2]. The obtained value was slightly
positive, some 1 kcal/mole [2], see also [3]. Since the respective value for CuI is large and negative
(circa −16.6 kcal/mole), it is natural that formation of CuI2 is strongly disfavored. This, of course,
may change under high pressure conditions, which—due to beneficial pV factor allowing to crowd
cations and anions together in the lattice—often favor formation of species at high oxidation states.

Sometimes redox instabilities involve two metal centers rather than metal and nonmetal, e.g.,
AgO is not an oxide of divalent silver but rather silver(I) dioxoargentate(III), Ag(I)[Ag(III)O2] [4,5]:

2 Ag(II)→ Ag(I) + Ag(III) (2)

The analogous behavior has been theoretically predicted for AuO, as well [6]. It is important to
notice that the disproportionation reactions of this type are always energy uphill in the gas phase,
and they are relatively rare for extended solids. In the case of silver, the energy of reaction proceeding
according to Equation (2) is positive and very large, some 13.3 eV, as may be estimated from relevant
ionization potentials (this value corresponds to the Mott-Hubbard U energy in the gas phase). The fact
that the process takes place in AgO according to Equation (2) is given by several important factors,
such as departure from ionic formulation, and the fact that U is strongly screened in solids. The rule of
a thumb is that disproportionation processes are facile (i) in a Lewis-basic environment, (ii) especially
when there is strong mixing of metal and nonmetal states i.e., pronounced covalence of chemical
bonding, (iii) when the pV factor at elevated pressure, which prefers packing of unequal spheres,
dominates the energetic terms, and (iv) at low temperatures [7]. AgO is in fact a nice exemplification
of condition (i), since it is disproportionated, while its more Lewis acidic derivative, AgSO4, is
not [8]. Another good example is that of Au(II)(SbF6)2, which is, comproportionated, a genuine Au(II)
compound [9], while its parent basic fluoride, AuF2, has never been prepared in the solid phase, as it
is subject to phase separation via disproportionation to Au and AuF3. Moreover, AgO exemplifies
condition (ii), since the chemical bonding between Ag and O is remarkably covalent in this compound,
which leads to a phonon-driven disproportionation [10]. Finally, AgO, also exemplifies condition (iii),
since it remains disproportionated to a pressure of at least 1 mln atm [11].

Here, we look at the particularly interesting case of an elusive AgCl2 where, as we will see,
both types of redox instabilities may happen. Since the standard redox potential of the Ag(II)/Ag(I)
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redox pair reaches some +2.0 V versus NHE and the respective value for the 1
2 Cl2/Cl− pair is

+1.36 V, it might naturally be expected that Ag(II) would oxidize Cl− anion with great ease (the
above-mentioned arguments valid for CuI2 are also valid for AgCl2). However, ionic Ag(II)Cl2 benefits
from long-distance electrostatic stabilization to a much larger degree than Ag(I)Cl+ 1

2 Cl2, which should
affect relative stability. Moreover, since the Ag(II)–Cl bonding is naturally expected to be quite covalent,
similarly to the Ag(II)–O one in AgO (Cl and O have nearly identical electronegativities), Ag(II) might
disproportionate in its chloride, just like it does in oxide. This is in fact what related AuCl2 does,
its true formula corresponding in fact to Au(I)[Au(III)Cl4] [12]. Formation of polychloride substructure,
as for organic derivatives of Cl3− anion [13,14], or a mixed chloride-polychloride (Ag(I)2(Cl)(Cl3)),
is yet another possibility. Last but not the least, AgCl2 featuring an unpaired electron at the transition
metal center may choose to form exotic Ag–Ag bond, as is observed for AuSO4 [15]. All that creates a
complicated potential energy surface with a few chemically distinct minima, i.e., diverse polymorphic
forms present, and this renders theoretical predictions troublesome.

The major aim of this work is to theoretically predict crystal structure, stability, and presumed
electronic and magnetic properties of the most stable form of AgCl2. We would like also to
computationally verify early predictions by Morris who estimated the free enthalpy of reaction:

AgCl2 → AgCl and
1
2

Cl2 (3)

to be strongly negative, some −96.4 kJ/mole [2]. Finally, we will briefly discuss the anticipated impact
of elevated pressure on the course of the reaction described by Equation (3), as well as magnetic
properties of the most stable phases found.

2. Methodology

This study has begun in resemblance with our previous theoretical search for AgSO4, where we
have employed the method of following imaginary phonon modes to reach dynamically stable structural
models [16,17]. Using this method, we have optimized the hypothetical AgCl2 crystal in all known
crystal structure polytypes taken by metal dihalides, MX2 (X = F, Cl, Br, I) (i.e., over 40 structure types)
using the plane-wave code VASP (Vienna Ab-initio Simulation Package) [18–22], and subsequently
calculated phonon dispersion curves for each model using the program PHONON [23]. In cases where
at least one imaginary phonon was detected (signaling dynamic instability), we followed the normal
coordinate of this mode to reach another, lower symmetry and lower energy structure [17,24], and we
reexamined phonons after optimization. Due to complexity and CPU burden of the task this preliminary
quest was conducted with LDA functional and lower plane-wave cut-off equal to 400 eV. In the second
approach, the evolutionary algorithm approach was applied using XtalOpt [25–28] in combination
with VASP and using GGA (general gradient approximation) with Perdew-Burke-Ernzerhof functional
adapted for solids (PBEsol) and plane-wave cutoffs of 520 eV. Using the evolutionary algorithms, we
have considered unit cells containing 2, 4, and 8 formula units and generated a pool of 2183 structures.
The lowest energy structures originating from both methods were ultimately recalculated with
spin-polarization, on-site Coulomb interactions and van der Waals corrections, as outlined below.
Magnetic models were constructed for polymorphic forms containing genuine Ag(II) paramagnetic
centers and the lowest energy spin arrangements were found using the rotationally invariant density
functional theory DFT + U method introduced by Liechtenstein et al. where the values of both
Hubbard U and the Hund J parameter are set explicitly [29]. The U and J parameters were set only
for d orbitals of the Ag atoms and the values of 5 eV and 1 eV were used, respectively [30]. The van
der Waals interactions were accounted for using the DFT-D3 correction method of Grimme et al. with
Becke-Jonson damping [31]. Additionally, the hybrid DFT calculations with HSE06 functional were
used to calculate the mixed-valence AgIAgIIICl2 solution that could not be properly stabilized at the
DFT level.
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Electronic density of states was calculated using the aforementioned DFT+U method with DFT-D3
van der Waals correction, with k-mesh of 0.025 Å−1 and 800 eV plane-wave cutoff. The disproportionated
AgCl2 and AuCl2 structures were additionally pre-optimized with HSE06 functional using a coarser
k-mesh of 0.05 Å−1.

3. Results

3.1. Scrutiny of Dynamically Stable Polymorphic forms of AgCl2 (Method of Following Imaginary
Phonon Modes)

The crystal structures selected for preliminary study accounted for numerous polytypes known
among the transition metal and alkali earth metal dihalides. Both more ionic as well as more covalent
structural types were tested. AgF2, AuCl2, CuCl2, PdF2, PtCl2, PbCl2 (cottunite), α–PbO2, and TiO2

(rutile) were selected because of obvious structural analogies within Group 11 of the Periodic Table of
Elements, or because they are often adopted by metal chlorides [24]. Among those, KAuF4 and AuCl2
types with K or Au atoms substituted by Ag ones, represent disproportionated Ag(I)/Ag(III) systems;
others correspond to comproportionated ones. We have also employed a set of ionic halide structures,
notably: CaF2 (fluorite), CaCl2 (Pmn21 and Pnnm polytypes), CdCl2, layered CdI2, MgCl2 (P4m2,
Ama2 and P–1 polymorphs), SrI2, YbCl2, as well as polymeric BeF2, and three covalent structures: SiS2,
FeP2, and XeF2. Altogether, these representative prototypes show a rich variety of structural motifs
and lattice dimensionalities. Using the method of following the imaginary modes of AgCl2 in these
types of structures we have obtained over 10 dynamically stable structures. Figure 1a–f illustrates the
six main structural motives present in them. All remaining predicted polymorphs are simply various
polytypes of these (differ in stacking of the main structural motives).

 
Figure 1. Illustration of main structural motifs that differ in connectivity of coordination polyhedra
(the [AgCl4] plaquettes) for the dynamically stable polymorphs of a hypothetical AgCl2 compound
predicted using the method of following imaginary phonon modes. Top and side view is shown. In the
side views, the axial Ag-Cl contacts that complete the octahedral coordination of silver atoms are
indicated by red dotted line. In panel b, two side views represent two distinct polymorphs, respectively.
The lower side view in panel d (bottom), represents highly puckered layer that is observed in some
transition metal dihalides, but not in AgCl2 (see text for further explanation). Color code: Ag—big grey
balls, Cl—small green balls, Pd—big yellow balls.

The main structural building block in all dynamically stable models is a [AgCl4] plaquette. Here,
silver is stabilized in a close to square-planar (or elongated octahedral) coordination by chloride anions,
which is the most common coordination sphere of AgII cation among the known compounds [32].
Silver in the second oxidation state is seldom found in a linear (or a contracted octahedral) coordination,
and other geometries are even more scarce. This behavior is nicely reflected by the results of our
extensive structure screening. For example, the compressed octahedral coordination appeared in
our search only once in a rutile type structure. Although predicted to be dynamically stable at DFT
level, it was ruled out in the subsequent spin-polarized DFT + U calculations, where it converged to
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a square-planar coordination. The 2 + 4 coordination is indeed more common for fluorides in rutile
structure (PdF2 and NiF2), but no such chloride is known. In one case, a butterfly penta-coordination
(i.e., close to a tetragonal pyramide) was obtained, where the silver atoms are displaced out of the
plain formed by the [AgCl4] plaquettes (Figure 1f). Such geometry has been previously observed for
AgII in two high-pressure polymorphs of AgF2: a layered and a tubular one [33]. In both, the silver
atoms depart from the center of the ideally flat square-planar [AgF4] units to achieve batter packing
while simultaneously preserving the local Jahn−Teller distortion. The AgCl2 structure with the
butterfly silver coordination is topologically equivalent to the layered HP1 polymorph of AgF2. Indeed,
it exhibits the lowest calculated volume among the predicted dynamically stable structures and thus
it should be stabilized at high pressure (see section 3). Our scrutiny of AgCl2 polytypes provides
theoretical evidence that the butterfly coordination is indeed a natural response of octahedral AgII

sites (4 + 2 coordination) to high pressures and it permits more effective packing of 4 + 1 + 1 distorted
[AgIIX6] units.

The [AgIIX4] squares show three distinct connectivity patterns in the dynamically stable
polymorphs. They are connected either by corners, edges or via a combination of the two, while the
resulting lattice is one- or two-dimensional at most. This comes as no surprise since it is natural for
the strongly Jahn-Teller active cation to exhibit reduced structural dimensionality in its compounds.
Here, the edge sharing always results in one-dimensional chains that have a shape of infinite molecular
ribbons (Figure 1a). On the other hand, corner and combined corner plus edge sharing leads always to
layered structures (Figure 1b–f). No polymorphs with isolated [AgCl4] units or three-dimensional
connectivity were found. Additionally, it may be noticed that each chlorine atom is always shared
between two Ag cations thus AgCl2 strictly avoids chlorine terminals in its structures. This, too, is quite
natural, since AgII is an electron deficient and Lewis acidic cation, which attempts to satisfy its need for
electronic density by having at least four anions in its coordination sphere; at AgCl2 stoichiometry this
implies ligand sharing, i.e., [AgCl4/2]. The charge depletion on Cl atoms affects the halogen-halogen
interactions, as discussed in Supplementary Materials (S1).

Structures with infinite ribbons are characteristic of dihalides containing Jahn-Teller active cations
and are also present in cuprates such as LiCu2O2 [34] and LiCuVO4 [35]. In halides, the ribbons have
neutral charge and these structures are held together by van der Waals interactions. In the cuprates,
the ribbons are present as anionic species [CuO2]2−∞, whose charge is compensated by the presence
of additional metal cations. Although observed in majority of halides containing Jahn-Teller ions
including CuCl2, CuBr2, PdCl2, PtCl2, and CrCl2, they have never been observed in compounds of
silver. Importantly, for AgCl2 this structure polytype has the lowest computed energy as will be
discussed later in the text.

Three district structural patterns are observed among the layered polymorphs. In the first case,
fragments of the ribbons may be distinguished that consist of two [AgCl4] units sharing one edge.
These [Ag2Cl6] dimers then interconnect into layers by sharing corners (Figure 1b). Another structural
pattern is formed by alternation of the same dimmers with single squares (Figure 1c). The third
type of layers is formed by squares sharing only corners (Figure 1d–f). The layered polymorphs
containing the dimeric units are unique among the halides. They are closely related to orthorhombic
ramsdellite [36] and monoclinic γ-MnO2 polymorph form [37]. The ramsdellite structure consists of
three-dimensional network of double chains of edge-sharing MnO6 octahedra while in the γ-MnO2

the double chains alternate with single chains of MnO6 octahedra (Figure 2a,b). In the predicted
AgCl2 polymorphs with the dimeric [Ag2Cl6] units (Figure 1b), the three-dimensional network of the
ramsdellite structure is reduced to two-dimensional one due to Jahn-Teller distortion of the octahedra
that takes place in the direction parallel to the propagation of the chains. The same relation exists
between the AgCl2 polymorph formed by alternation of the [Ag2Cl6] dimers with [AgCl4] squares
(figure 1c) and the γ-MnO2 structure. Although no such halides exist, the ramsdellite-related AgCl2
structure has its zero-dimensional analogues in 4d and 5d transition metal pentachlorides such as
MoCl5, Ta2Cl10, NbCl5, WCl5. They consist of dimeric M2Cl10 units of edge-sharing MCl6 octahedra
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aligned into infinite chains (Figure 2c). One can imagine obtaining the ramsdellite and the related
layered AgCl2 structure by virtual polymerization of the M2Cl10 dimmers and subsequent Jahn-Teller
distortion, respectively. While the layered structure containing the dimeric [M2Cl6] units are to best
of our knowledge unknown, the layers with corner-sharing of square planar [MCl4] units are well
documented for transition metal halides including CuF2, AgF2, or PdCl2; thus, it is quite natural to
detect them for related AgCl2.

Figure 2. Crystal structure of (a) ramsdellite, (b) γ-MnO2 polymorph, and (c) that of molecular Ta2Cl10

crystal. In case of the MnO2 forms, the three-dimensional network of MnO6 octahedra is highlighted.
In case of the molecular Ta2Cl10 crystal, selected van der Waals Cl . . . Cl contacts between the isolated
edge-sharing MnO6 octahedra are shown to highlight its relation to the ramsdellite structure.

All polymorphs predicted in this study are related to three archetypical structures, namely CdI2,
rutile, and fluorite structure. All ribbon polymorphs may be derived from the layered CdI2 prototype,
where each layer is formed by edge-sharing [CdI6] octahedra. Replacing the octahedral cadmium
cation by a Jahn-Teller active one leads to elongation of octahedra and dissociation of the layers into
infinite ribbons as illustrated in Figure 3c. In fact, the CdI2-type layers and ribbons are the most
common structural motives among transition metal dihalides. Notably, all dichlorides of 3d elements
crystallize in the CdI2 polytypes, the only exception being those containing Jahn-Teller active ions,
which in turn crystallize in ribbon structures.

 
Figure 3. Derivation of the predicted ribbon and layered AgCl2 polymorphs by orbital ordering of the
Jahn-Teller (JT) active dz2 orbitals in the CdI2-type structure. The original CdI2 structure is shown in
(a) and the single layer in (b). Orientation of the JT orbitals manifests itself by direction of octahedral
elongation denoted by red dashed lines. Resulting orbital ordering patterns are also indicated for
AgCl2 ribbons—AAA as shown in (c), AgCl2 layer (a)—AACAAC as shown in (d), and AgCl2 layer
(b)—AACC as shown in (e).

The layered polymorphs containing the [Ag2Cl6] dimers can be also derived from the CdI2

structure. As already emphasized, the ribbon structure may be obtained from the CdI2 structure simply
by elongation of the [CdI6] octahedra. This elongation is a consequence of Jahn-Teller stabilization
(expansion) of the dz2 orbitals, which may in principle be realized along any of the three main
octahedral axes denoted by letters A, B and C in Figure 3b. This gives way to various possible orbital
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ordering patterns and thus various types of connectivity of the [AgCl4] plaquettes. While the same
orientation of the dz2 orbitals along the A direction (ferrodistortive AAA orbital ordering pattern)
leads to the ribbon polymorphs, alternating orientation of the orbitals (antiferrodistortive ordering
patterns) results in layered polymorphs featuring corner-shared [Ag2Cl6] dimers. Here, the Jahn-Teller
distortion takes place alternatively along the B and C direction while two such orbital ordering patterns
are possible. The AACAAC orbital ordering pattern leads to a layer containing monomeric and dimeric
units (Figures 1c and 3d) and AACC pattern to a layer containing only dimeric units (Figures 1b
and 3e).

CdI2 structure allows also for derivation of the layers with corner-sharing plaquettes, which
may be achieved by ACAC ordering pattern and is in fact observed in low-temperature γ-PdCl2
(Figure 1d, bottom) [38]. However, the predicted layered polymorphs of AgCl2 with corner-sharing
no longer belong to the CdI2 family but rather to rutile and fluorite family as manifested by change
of the axial coordination of the Ag atoms from intralayer to interlayer one (Figure 1d–e). Note that
in all the ribbon and layered polymorphs derived from the CdI2 structure, the cations are always
octahedrally coordinated by intralayer anions; that is, by anions belonging to the same CdI2-type
layer. On the other hand, the silver atoms from the corner-shared AgCl2 layers complete their
octahedral coordination by axial chlorine atoms from adjacent layers (Figure 1). To do so, the CdI2

layers must become less corrugated. Such geometrical arrangements are characteristic of a rutile
structure. This prototypical structure consists of three-dimensional network of corner- and edge-shared
octahedra. Orbital ordering at Jahn-Teller active cations in these octahedra may result in formation of
layers consisting of corner-shared plaquettes, where each metal cation from each plaquette is axially
coordinated by anions from adjacent layers, as exemplified by CuF2 structure (Figure 4b). Furthermore,
various stacking patterns of these layers may be realized. The simplest AA stacking is stabilized in the
monoclinic CuF2 type and the ABAB stacking in the orthorhombic AgF2 type. Yet another structure
with AB’AB’ stacking was found that differs from the AgF2 type by smaller relative shift of the layers
(an intermediate between CuF2 and AgF2 structure) (Figure 5). These various stacking patters result in
different axial contacts of the cations and diverse packing efficiencies. Recall that CuF2 is rutile type
structure. On the other hand, the AgF2 structure is related to fluorite structure, where the cations reach
for two additional ligands to complete a cubic coordination [11]. Compounds with rutile-like structures
often transform to denser fluorite-like structure under pressure. Thus, three distinct stable layered
forms of AgCl2-CuF2 type, AgF2 type, and intermediate between the two with different stacking of the
layers, might be achieved under different pressure conditions. More on that later.

 
Figure 4. Crystal structure of rutile highlighting the edge- and corner-shared octahedra (a), rutile-derived
two-dimensional (2D) CuF2- (b) and a hypothetical one-dimensional (1D) ribbon structure (c) achieved
by octahedral elongation along two distinct octahedral directions.
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Figure 5. Three stacking patterns realized in the predicted layered AgCl2 polymorphs with
corner-sharing of [AgCl4] plaquettes: AA stacking of rutile-related CuF2 type (a), AB’ stacking
(b), and AB stacking of fluorite-related AgF2 type (c). The [AgCl4] plaquettes belonging to different
layers are distinguished by different color (blue and grey).

Similarly, as in the case of the layered structures, several polytypes were found for the ribbon
structures. While the AgCl2 ribbons maintain the layered organization of the CdI2 prototype with the
interlayer contacts being longer than the intralayer ones, stacking of these layers may vary (Figure 6).
We have obtained various polytypes in our search using evolutionary algorithms. The simplest stacking
corresponds to one layer per unit cell that directly relates to the CdI2 type structure. The original
trigonal P-3m symmetry of the CdI2 type is however lowered to triclinic due to the presence of the
Jahn-Teller active AgII cation. Additionally, a monoclinic C2m structure of copper dihalide type was
found in our scrutiny, as well as an orthorhombic and a triclinic version of the PdCl2 polymorphs
(Figure 6). Note, PdCl2 crystallizes in two ribbon-like structures, a high-temperature orthorhombic and
a low-temperature monoclinic form, which differ only in the monoclinic angle. Our results provide
theoretical support for the observed strong tendency of the late TM dihalides with Jahn-Teller cations
to form ribbon-like crystal structures exhibiting various packing.

 
Figure 6. Three hypothetical AgCl2 ribbon-like polytypes (bottom) obtained with evolutionary
algorithms and their relation to the CdI2 prototype (top left) and the known metal halides with ribbon
structure (top and right). The differences of computed energy for (a–c) are minuscule.

Note that both rutile and fluorite structures are prototype structures for ionic crystals, while the
CdI2 structure is preferred by compounds forming more covalent bonds. In the predicted polymorphs
of AgCl2, we see frequent realization of structures related to both more ionic as well as more covalent
structural types. This may be a manifestation of the intermediate character of the chemical bonding
in AgCl2.
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3.2. The Unusual Ag(I)Cl(Cl2) 1
2

Polymorph

As explained in the introduction, one of the key difficulties in preparation of the Ag(II) dichloride
from elements or from AgCl and excess of Cl2 is related to the fact that Ag(II) is a potent oxidizer.
This means that silver might prefer to adopt its most common monovalent state (as AgCl), while the
excess Cl atom would be forced to form Cl–Cl bonds with other similar species around. On the
other hand, the so-formed Cl2 is known to interact with Cl− anions in ionic compounds, by forming
an asymmetric [Cl− . . . Cl2] or even symmetric [Cl-Cl-Cl−] [39–41] trichloride anion. While the
propensity of Cl3− to form is much smaller than that of the related triiodide anion, yet such a Lewis
structure should not escape our attention. Indeed, the XTalOpt quest has yielded one structure with
the Ag(I)[Cl(Cl2) 1

2
] formulation (Figure 7). It consists of AgCl double layers with Cl2 molecules

sandwiched in between them.

 
Figure 7. The predicted Ag(I)[Cl(Cl2) 1

2
] polymorphs: the crystal structure with hexagonal AgCl2

double layers highlighting the unit cell, one AgCl layer and stacking of the AgCl layers, respectively
(a–c), and an alternative structure with rock-salt AgCl double layers (d,e).

The structures of Ag(I)[Cl(Cl2) 1
2
] consist of the AgCl layers which can form either rock-salt layers

or pseudo-hexagonal ones with only three short Ag-Cl bonds (Figure 7). The appearance of the rock
salt layers seems natural since AgCl in rock salt structure is well known. However, the hexagonal
layers are unknown among plain Ag(I) halides, with AgX (X = F, Cl, Br, I) adopting an ionic NaCl
polytype (CN = 6), while AgI additionally takes on several structures with tetrahedral coordination
of cation (CN = 4) (i.e., wurtzite, sphalerite, SiC(4H), etc.). In addition, CN of 7 is also possible for
AgCl at rather low pressure of circa 1 GPa (TiI polytype [42]). The very low CN of 3 for Ag(I) in
pseudo-hexagonal BN-like layer and a very short bond length of 2.521 Å indicates more covalent
in respect the rock salt structure (six bonds at 2.773 Å [42]). Since the intra-sheet Ag-Cl bonding is
covalent, it is not surprising to see that the interactions of Cl2 with Cl− anions are far from symmetric,
with intra-molecular Cl-Cl bond of 2.054 Å (slightly longer than that found for molecular solid of Cl2,
1.97 Å), and Cl . . . Cl− separation of 2.874 Å. That the Cl-Cl bond length is slightly longer than for
free Cl2 obviously stems from the donor-acceptor character of the Cl− . . . Cl2 interactions, and slight
occupation of the sigma* orbital of Cl2.
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Formation of AgCl intercalated with Cl2 molecules is peculiar given substantial lattice energy of
AgCl solid, and little energy penalty to break weak Cl− . . . Cl2 interactions upon phase separation to
AgCl and 1

2 Cl2. Their appearance in our quest is probably related to the limit imposed to Xtalopt on
number of formula units and it marks the tendency towards the phase separation. We will turn to
stability of these structures in the next section and discuss pressure effects further on.

3.3. Relative and Absolute Energetic and Thermodynamic Stability of Several Important Polymorphic Forms
of AgCl2

The crystal structures of all polymorphs considered here has been provided as cif files in
Supplementary Materials (S2).

At DFT + U + vdW level the edge-sharing connectivity that leads to infinite AgCl2 stripes
(Figure 1e) was found to be the most energy preferred one among the Ag(II)Cl2 polymorphs. All ribbon
polytypes are maximally 5 meV/FU apart in energy. Among the layered structures, the most preferred
is the ramsdellite related structure, then the γ-MnO2 related (Figure 1b,c and Figure 2a,b) and finally
the CuF2 and AgF2 related structures. The ramsdellite related structure (monoclinic space group) is
only circa 40 meV/FU higher in energy than the ribbon polymorphs (Table 1). This energy order reflects
preference of Ag(II)Cl2 for edge connectivity of the [Ag(II)Cl4] square-planar units. Notably, all ribbon
and puckered layered polymorphs are maximally 60 meV/FU apart. There is a considerable energy gap
of about 200 meV/FU between the structures with puckered and flat layers; this is a manifestation of the
fact that Ag(II)-Cl− bonding is markedly covalent and it is characterized by close-to sp2 hybridization
at Cl atoms, which in turn comes with bending of the Ag–Cl–Ag angles. Concerning the structures
containing Ag(I), the unusual Ag(I)[Cl(Cl2) 1

2
] form with rock salt AgCl double layers is preferred over

the one with hexagonal layers by 136 meV/FU. Furthermore, it represents the overall global minimum.
The zero-point energy further plays in favor of this structure, by additional 10meV/FU. Within the
DFT + U picture, all predicted AgCl2 polymorphs have negative formation energies and are thus
energetically preferred over the elemental silver and molecular chlorine. However, they are metastable
with respect to AgCl crystal. Calculated DFT + U energies of the lowest energy AgCl2 forms are
listed in Table 1 along with AgCl, molecular chlorine in its high-temperature polymorphic form [43],
and elemental silver.

Table 1. Calculated DFT + U volumes and energies including van der Waals correction (E), zero-point
energies (ZPE) and formation energies calculated in respect to the elemental crystals (E1

form = E
− EAg + Cl2) as well as to AgCl and 1

2 Cl2 (E2
form = E − EAgCl + 1

2 Cl2) for five prototypical AgCl2
polymorphs. The formation energies are calculated considering high-temperature crystal structure of
Cl2 [43]. Volume values in brackets come from experiment. The formation energy for AgCl is calculated
as Eform = E − EAg+ 1

2 Cl2. FU = formula unit.

Phase Z V/FU (Å3) E (eV/FU)
E1

form/FU
(eV)

E2
form/FU
(eV)

ZPE/FU
(eV)

Vform/FU
(Å3)

Ribbon AgCl2 (CdI2 related) 4 65.7 −7.683 −0.840 +0.136 0.080 +3.6
Layered AgCl2 (ramsdellite related) 4 66.7 −7.643 −0.800 +0.176 0.077 +4.6

Layered AgF2 type 4 63.0 −7.625 −0.782 +0.194 0.081 +0.9
Ag(I)[Cl(Cl2) 1

2
] (rocksalt AgCl layers) 8 65.0 −7.718 −0.875 +0.101 0.070 +2.9

Ag(I)[Cl(Cl2) 1
2
] (hex AgCl layers) 8 77.2 * −7.582 −0.739 +0.237 0.069 +15.1 *

AgCl + 1
2 Cl2 62.1 −7.819 0.027

Cl2 4 47.6 (58.1) −4.288 0.029
AgCl 4 38.3 (42.7) −5.675 −0.976 0.021 −1.0
Ag fcc 4 15.5 (17.1) −2.555 0.012

* The unusually large calculated volume of this phase clearly suggests that it originates from attempts of XtalOpt to
separate Cl2 and AgCl phases, hence this phase may not correspond to any real local minimum, i.e., it may not
be observable.

Inspection of the calculated energies and volumes of various phases of the AgCl2 stoichiometry
(Table 1) reveals that:
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1. While all forms of AgCl2 are stable with respect to elements, none of AgCl2 polymorphs is
energetically stable at T→ 0 K and p→ 0 atm with respect to products from Equation (3), i.e.,
AgCl and 1

2 Cl2.
2. The (relatively) most stable phase is that of Ag(I)[Cl(Cl2) 1

2
] (rocksalt AgCl layers), as it falls at

circa 0.1 eV above AgCl + 1
2 Cl2.

3. The ZPE correction changes very little the relative ranking of structures (it varies by no more
than 12 meV for various phases), and for absolute stability of phases with respect to products (it
destabilizes them by additional circa 42–53 meV), as could be expected for the system composed
of rather heavy elements, Ag and Cl.

We have recalculated the total electronic energies and volumes of selected polymorphs also on
much more resources-consuming hybrid DFT level using HSE06 functional (Table 2). Guided by the
previous result, we did not perform daunting ZPE calculations this time.

Table 2. Calculated HSE06 volumes and energies and formation energies calculated with respect to the
elemental crystals (E1

form = E− EAg + Cl2) as well as to AgCl and 1
2 Cl2 (E2

form = E− EAgCl + 1
2 Cl2) for five

prototypical AgCl2 polymorphs. The formation energies are calculated considering high-temperature
crystal structure of Cl2 [43]. Volume values in brackets come from experiment. The formation energy
for AgCl is calculated as Eform = E − EAg+ 1

2 Cl2.

Phase Z V/FU (Å3) E (eV/FU)
E1

form/FU
(eV)

E2
form/FU
(eV)

ZPE/FU
(eV)

Vform/FU
(Å3)

Ribbon AgCl2 (CdI2 related) 4 77.6 −9.848 −1.030 +0.052 ND +8.1
Layered AgF2 type 4 68.7 −9.727 −0.909 +0.173 ND −0.8

Ag(I)[Cl(Cl2) 1
2
] (rocksalt AgCl layers) 8 70.7 −9.839 −1.021 +0.061 ND +1.2

Ag(I)[Cl(Cl2) 1
2
] (hex AgCl layers) 8 83.9 * −9.837 −1.019 +0.063 ND +14.4 *

AuCl2-type (disproportionated) 4 76.9 −9.736 −0.918 +0.164 ND +8.2
AgCl + 1

2 Cl2 69.5 −9.900 ND
Cl2 4 56.8 (58.1) −5.536 ND

AgCl 4 41.1 (42.7) −7.132 −1.082 ND −4.2
Ag fcc 4 16.9 (17.1) −3.282 ND

* The unusually large calculated volume of this phase clearly suggests that it originates from attempts of XtalOpt to
separate Cl2 and AgCl phases, hence this phase may not correspond to any real local minimum, i.e., not be observable.

The hybrid DFT results for AgCl2 (Table 2) show that:

1. While all forms of AgCl2 are stable with respect to elements, none of AgCl2 polymorphs is
energetically stable at T→ 0 K and p→ 0 atm with respect to products from Equation (3), i.e.,
AgCl and 1

2 Cl2; thus, confirming the DFT + U + vdW (van der Waals correction) results.
2. The (relatively) most stable phase is that of ribbon Ag(II)Cl2 form as it falls at a mere 52 meV

above AgCl + 1
2 Cl2.

3. HSE06 calculations predict the unit cell volumes of Ag, Cl2, and AgCl quite well. The large
calculated volume of the ribbon polymorph should be taken with a grain of salt, and this structure
is bound only by weak vdW inter-ribbon interactions. The layered AgF2-type structure is the
only one for which the formation reaction volume is slightly negative.

Here, the unusual Ag(I)[Cl(Cl2) 1
2
] form with hexagonal AgCl double layers and its rock salt

layer analogue were found to be energetically almost degenerate within 2 meV/FU. The unusual
Ag(I)[Cl(Cl2) 1

2
] form with hexagonal layers was found to be only 11 meV/FU higher in energy in respect

to the ribbon polymorph. Recall that the ZPE of the Ag(I)[Cl(Cl2) 1
2
] forms is by circa 10–11 eV/FU

lower with respect to the ribbon polymorph (Table 1), which points to factual energy degeneracy of all
three solutions considering the hybrid DFT free energies and DFT + U ZPE energies.

Hybrid DFT was also used to model mixed valence (i.e., charge density wave) Ag(I)Ag(III)Cl4
solution, which could not be captured properly on DFT + U level. We have chosen for this purpose
crystal structure of AuCl2, which forms molecular crystal with weakly bonded Au(I)2Au(III)2Cl8
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units [12]. Ag(III) cations are here in square planar [AuCl4] coordination and Au(I) in linear [AuCl2]
coordination. These molecular units are stacked along one direction along which they polymerize into
infinite chains under Au→ Ag substitution. In the polymerized chains, the Ag(III) cations retain the
square-planar coordination, while the Ag(I) cations pick up third chlorine ligand to form triangular
instead of linear coordination. The triangular coordination is a consequence of Ag(I) moving closer
to a chlorine atom belonging to the Ag(III) from the neighboring Ag(I)Ag(III)Cl2 molecular unit.
The Ag(I)-Cl bonds are then obviously longer (2.5 Å) in comparison to the Au(I)-Cl ones (2.3 Å) in the
original AuCl2 structure. On DFT + U level, the model converges to the one featuring chains of the
comproportionated cations (AgIAgIII → AgIIAgII). This comproportionation is structurally manifested
by Ag(I) cation picking up a fourth chlorine atom with which it completes square planar coordination
of newly formed Ag(II) cation (the newly created Ag-Cl bond is highlighted by red dashed line in
Figure 8b, bottom). Such polymerized Ag(II)Cl2 chains are isostructural with recently discovered
tubular form of AgF2 that forms under high pressure (Figure 8c,d) [11]. In AgCl2, the mixed valence
chains are slightly energetically preferred (by circa 10 meV/FU) over the comproportionated ones at the
hybrid DFT level. However, both are 100 meV/FU higher in energy with respect to the lowest energy
ribbon polymorph.

 
Figure 8. Crystal structure of Au(I)Au(III)Cl4 (a), AgCl2 optimized in the Au(I)Au(III)Cl4 structure (b),
AgCl2 optimized in the Au(I)Au(III)Cl4 structure with the symmetry-enforced comproportionation
AgIAgIII → AgIIAgII (c) and high-pressure polymorph of AgF2 (d). Top view: stacking of the chains,
bottom view: connectivity within single chain.

3.4. Impact of Temperature and Pressure on Stability and Polymorphism of AgCl2

Due to very similar energies of different polymorphs of AgCl2 at T→ 0 K and p→ 0 GPa (also at
the HSE06 level), and relatively small energy favouring the products of Equation (3) (AgCl and 1

2 Cl2),
stability and polymorphism of AgCl2 are expected to be dependent on (p, T) conditions. Here, we look
briefly at the impact of external parameters on stability of AgCl2.

The influence of temperature on stability of AgCl2 is expected to be small in the range where
Cl2 is solid or liquid (i.e., up to its boiling point of −34 ◦C); the large reaction volume for the ribbon
polymorph (Table 2), which is overestimated anyway, is insufficient to stabilize this phase via entropy
factor [44]. Further increase of temperature will lead to preference for AgCl + 1

2 Cl2 via the entropy (ST)
factor of the Cl2 gas. The ST factor for 1

2 Cl2 at 300 K equals 347 meV [45] and thus, assuming that most
of reaction volume change corresponds to the volume of Cl2 gas released, it may be estimated that
delta G0 of AgCl2 formation is about + 0.4 eV at 300 K. While this is only 40% of what Morris predicted
(i.e., circa 1 eV) [2], the value is still substantial. Our results point out at the lack of thermodynamic
stability of AgCl2 at any temperature conditions (in the absence of external pressure effects).

The situation is somewhat different when the impact of external pressure is considered. Here,
the infinite-sheet AgF2-like form could potentially be stabilized at elevated pressure, as its formation
from solid AgCl and 1

2 Cl2 is accompanied by small volume drop. The common tangent method [17,46]
allows for a rather crude estimate for the formation pressure of AgCl2 of 35 GPa (at T→ 0 K), and likely
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even higher pressures at elevated temperature. The more precise estimate requires calculations
in the function of pressure to be performed, also including the ribbon polymorph, which should
exhibit substantial compressibility, and several viable high-pressure polymorphs [11,47,48]. Moreover,
while drawing the computed volume-based conclusions one should always remember that despite
great performance of HSE06 functional for describing crystal and electronic structure of solids,
the reproduction of van der Waals interactions is still imperfect. And since they tend to collapse fast
under even moderate pressures, it could be that other polymorphic forms, such as the ribbon one,
would become competitive at rather low pressures, even preceding the transformation to the layered
form. The previously documented pressure-induced transformations of CuF2 [47] and AgF2 [11] as
well as a large body of data for transition metal difluorides and dichlorides (see also [48] and references
therein) seem to suggest this scenario as a viable one.

3.5. Magnetic Properties of Selected Polymorphic Forms of AgCl2

If chemistry teaches us something important, it is that virtually any chemical composition may be
studied in its metastable form, given that the local minimum is protected by sizeable energy and/or
entropy barriers. Thus, while AgCl2 may not be thermodynamically stable at a broad range of (p,T)
conditions, it is still insightful to theoretically study selected properties of AgCl2, and compare them to
those of the related halides (CuCl2, AgF2, AuCl2, etc.).

For all Ag(II)Cl2 forms featuring paramagnetic silver, the magnetic ordering is of interest, especially
that magnetic properties of Ag(II) fluorides are now under intense scrutiny [49,50]. Thus, we have
looked at spin ordering patterns, spin exchange pathways, as well as relevant superexchange constants
for the ribbon and layered polymorphs of AgCl2 (Table 3).

Table 3. Calculated energies, relative energies, and magnetic moments on atoms for the ribbon and
AgF2-type model of AgCl2 as calculated using DFT + U + vdW. The unit cell was optimized for
the ground state model (AFM1 in a ribbon and AFM in AgF2-type structure), while energies of the
remaining magnetic models were calculated as single point energies from the ground state.

Form
Ordering
Pattern

E/FU (eV)
E_rel/FU

(meV)
Ag (mB) Cl(mB)

Ribbon
polymorph AFM1 (AABB) −7.683 0 ±0.31 ±0.21 for F joining two like Ag spins

±0.00 between opposite Ag spins
AFM2 (ABAB) −7.652 31 ±0.31 ±0.10 on all F
FM (AAAA) −7.640 43 +0.35 +0.26 on all F

AgF2-type AFM −7.625 0 ±0.24 ±0.10
FM −7.549 76 +0.35 +0.26

Not surprisingly, in the case of the ribbon polymorph the magnetic ground state found here
is identical to that exhibited by structurally related frustrated Heisenberg chain system, CuCl2, i.e.,
the spin pattern is AABB [51]. Correspondingly, as for CuCl2 we consider the next neighbor (J1) as
well as the next near neighbor (J2) superexchange constants (Figure 9), while neglecting all weaker
magnetic interactions [51]. From the equations relating the energies of AFM1, AFM2, and FM states,
and using the same Hamiltonian as authors [51]:

EAFM1 = (+2 J1) × N2/4 + constant (this is AFM5 or AFM4 model in [51], since weaker
interactions are omitted)

EAFM2 = (+2 J1 − 2 J2) × N2/4 + constant (this is AFM2 or AFM3 model in [51], since weaker
interactions are omitted)

EFM = (−2 J1 − 2 J2) × N2/4 + constant (this is FM model in [51], since weaker interactions are
omitted)
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where N is the number of unpaired spins per spin site (in the present case, N = 1), one may derive J1

= −12 meV and J2 = −62 meV. The respective values for CuCl2 calculated with U = 7 eV for Cu [51],
are: J1 = +18.4 meV and J2 = −24.5 meV. Our results indicate that—like for CuCl2—|J2| > |J1| and
the spin-exchange interactions are geometrically frustrated (Figure 9). Interestingly, however, J1 is
antiferromagnetic for AgCl2 while ferromagnetic for CuCl2. This result probably stems from the fact
that antiferromagnetic next neighbor ordering implies null magnetic moments on bridging two Cl
atoms, while the FM one introduces very large moments on chloride bridges (Table 3). The former
is preferred, as elements which are typical nonmetals (here, in the form of a formally a closed shell
Cl− anion) do not support spin density on them, since it implies breaking of the stable electronic octet.
Indeed, the spin density calculated for AgCl2 in ribbon form suggests that spin density on one type
of Cl atoms is as large as 2/3 of that on silver sites. While this could be expected based on previous
studies of Ag(II) in chloride host lattices [52], this factor certainly contributes to lack of stability of
AgCl2. After all, if most spin sits on Cl atoms, Cl radical tend to pair up and eliminate Cl2 molecules.
This is indeed what one sees when comparing the energy of polymorphic forms of AgCl2 with respect
to phase separated AgCl + 1

2 Cl2. The situation found for CuCl2 is much different, where the total
magnetic moment of circa 0.5μB sits mostly on copper site [51].

 
Figure 9. Fragment of the AgCl2 ribbon with two relevant intra-chain superexchange constants
considered in this study (a). Fragment of the corrugated AgCl2 sheet with one relevant intra-sheet
superexchange constant considered here (b).

Let us now scrutinize the magnetic interactions in the layered AgCl2 polymorph (Table 3, Figure 9).
Here, four identical superexchange pathways link each Ag(II) site to its neighbors, as characterized

by intra-sheet superexchange constant, J (the much weaker inter-sheet one will be omitted here).
The ground state magnetic model corresponds to the familiar two-dimensional (2D) AFM ordering
of spins, assumed also by AgF2. Consequently, a spin flip to the FM state costs (−4 J) ×N2/4, where
N = 1. From the energy difference between the AFM and FM solutions we may extract J = −76 meV.
For comparison the J found for AgF2 at ambient conditions is −70 meV [53]. This implies a somewhat
stronger magnetic superexchange for the Ag–Cl–Ag bridges than for the Ag–F–Ag ones, as indeed
could be anticipated from the increased covalence of chemical bonding (Ag–Cl > Ag–F). This effect is,
however, partially diminished by the Ag–Cl–Ag bridges being more bent (124 deg) than their Ag–F–Ag
analogues found for AgF2 (130 deg), and that decreases J for the former system [54], according to the
Goodenough-Kanamori rules [55]. Corrugation of the sheets and departure of the Ag–Cl–Ag angle
from 180 deg also results in the appearance of the magnetic moment of circa 0.1μB at Cl atoms. This is
half of what is found for the ribbon polymorph, yet still substantial, and must be viewed as a factor
which contributes to the lack of stability of AgCl2 with respect to elimination of Cl2.

3.6. Electronic Properties of Selected Polymorphic Forms of AgCl2

Having looked at magnetic properties, let us now examine electronic Density of States (DOS) and
atomic (partial) DOS for four distinct polymorphs of AgCl2 (Figure 10).
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Figure 10. Comparison of the electronic density of states (DOS) graphs of four studied structures
of AgCl2 and their counterparts: (a) ribbon structure and CuCl2, (b) layered structure and AgF2,
(c) disproportionated structure and AuCl2, (d) Ag(I)[Cl(Cl2) 1

2
] form with hexagonal AgCl layers and

the sum of eDOS of rocksalt AgCl and solid Cl2. Red and green dashed lines indicate the DOS-weighted
average position of Cu/Ag/Au d and Cl/F p bands, respectively. The number above Fermi level in each
graph indicates the fundamental band gap.

A glance at DOS graphs shows that all predicted polymorphs of AgCl2 were found to have
an insulating band gap. However, the calculated band gap at Fermi level tends to be substantially
narrower in studied polymorphs of AgCl2 than in their structural prototypes containing either a
different group 11 metal (CuCl2, AuCl2) or a different halogen (AgF2). In the case of CuCl2-like ribbon
structure, Ag 4d bands lie comparatively lower in energy than Cu 3d bands and are further separated
from occupied Cl 2p states, which is in agreement with the stronger oxidizing properties of Ag(II)
species as compared to Cu(II). The picture is somewhat similar in the layered structure: again, the Ag
4d states in AgCl2 lie at higher binding energies and are more separated from Cl 2p states than in
AgF2, where the admixing between Ag 4d and F 1p states in AgF2 is already substantial [53]. The same
applies to the disproportionated form of AgCl2 (i.e., an AuCl2 polytype) as compared to its gold(II)
analogue. The fact that Ag states are placed deeply below the Cl ones clearly contributes to the lack of
stability of AgCl2 in all polytypes, as oxidation of Cl− anions by Ag(II) (or Ag(III) in disproportionated
form) is facile. This is also reflected in very narrow fundamental bandgaps, which range between a
mere 0.24 eV and 0.40 eV. The Maximum Hardness Principle (from Pearson [56]) dictates the preference
for much larger bandgap calculated for AgCl + 1

2 (Cl2) (1.69 eV) and thus to a redox reaction.
As for the AgCl2 polymorph consisting of hexagonal double layers of AgCl interspersed with

layers of Cl2 molecules, we compared its electronic structure with the combination of eDOS of
rocksalt-type AgCl and solid chlorine (HT polymorph). Contributions from in-layer Cl atoms and
from Cl2 molecules between layers in this AgCl2 polymorph are also plotted separately. The most
apparent difference between otherwise similar graphs is that the bands pertaining to Cl2 molecules
are much sharper in AgCl2 than in solid Cl2, which indicates that there is relatively little bonding
between them and AgCl layers. On the other hand, Ag 4d bands in AgCl layers of AgCl2 are somewhat
more diffuse than in rocksalt AgCl, which points to a slightly different (more covalent) Ag-Cl bonding
character in hexagonal [AgCl] sublattice of AgCl2 (as discussed in structural section above) than in
ionic AgCl. In addition, the average position of Ag 4d band in this polymorph is circa −3 eV, which is
0.5–1.0 eV higher than in the other three studied polymorphs; this obviously stems from the fact that
Ag(I) is present here rather than Ag(II). In this case, the gap is formed between top of the hybridized
Ag+(d)/Cl−(p) states and the sigma* states of the Cl2 molecules.

As to the relatively most stable forms of AgCl2, i.e., a ribbon and layered polymorph, their band
gaps have charge-transfer character; however, in idealized charge-transfer magnetic insulator the gap
is formed between occupied nonmetal states (valence band) and the upper Hubbard band on metal

54



Crystals 2019, 9, 423

(conduction band). Here, there is so severe mixture of the Ag and Cl states, that the top of the “ligand”
band is composed in about 1/3 from Ag states, while the conduction band from a nearly equal mixture
of the Ag and Cl states.

4. Conclusions

Our theoretical study for AgCl2 including outcome of evolutionary algorithm structure prediction
method suggests that AgCl2 is metastable with respect to AgCl + 1

2 Cl2 at p → 0 atm and T → 0
K conditions. Still, the energy penalty which must be paid for its synthesis from these substrates
is relatively small and of the order of 0.1–0.15 eV per formula unit. Thermodynamic stability is
smaller at ambient (p,T) conditions and of the order of 0.4 eV per formula unit, due to entropy factor
for Cl2 gas (reaction product). Still, AgCl2 is not as severely unstable as previously predicted by
Morris [2]. If prepared using some non-equilibrium methods, AgCl2 would be metastable as indicated
by lack of imaginary phonon modes for the structures we have scrutinized. AgCl2 constitutes a
challenge for theoretical methods as it allows for diverse charge instabilities, as well as on the verge of
decomposition to simpler phases. The most stable polymorphic form of AgCl2, according to hybrid DFT
(HSE06) calculations, is related to CuCl2 type, and it consists of infinite [AgCl4/2] ribbons. The lowest
energy magnetic pattern for this phase is of the AABB type, thus similar to the one shown by CuCl2.
More complex magnetic ordering, i.e., helical, is also possible, due to frustration of NN and NNN
superexchange interactions.

Formation of AgCl2 should be facilitated by use of external pressure, as indicated by extrapolation
based on the common tangent method. The thermodynamically stable form at circa 35 GPa has crystal
structure related to that of AgF2; and, like AgF2, it shows 2D AFM ordering in its ground state.

Having uncovered the chemical identity of the most stable form of AgCl2 together with its
presumed magnetic properties, we may construct a simple table which demonstrates huge difference
between coinage group metals [55,57] in terms of their real and hypothetical difluorides and dichlorides
(Table 4). Thus, copper, silver, and gold are all different; indeed, the coinage metal group has been
argued to contain the most dissimilar elements among all groups of the Periodic Table [58] and this is
confirmed in our study of their dichlorides.

Table 4. Comparison of essential features (stability, structure) and magnetic properties (wherever
applicable) of Group 11 difluorides and dichlorides, as seen from experiment and theoretical calculations.

Metal Cu Ag Au

MF2

Stable
Layered
2D AFM

[47]

Stable
Layered
2D AFM

[53]

Unstable
Phase separation

MCl2

Stable
Ribbon

1D complex
[51]

Metastable
Phase

separation
[this work]

Stable
Disproportionated

Diamagnetic
[12]

In conclusion, if prepared, AgCl2 would be a very unusual metastable narrow-band gap (<0.4 eV)
magnetic semiconductor. Quest for AgCl2 should preferably utilize non-equilibrium, high-pressure,
and low-T conditions. In the forthcoming work we will report our own attempts toward synthesis of
AgCl2 utilizing the diamond anvil cell setup.

Supplementary Materials: The following are available online at http://www.mdpi.com/2073-4352/9/8/423/s1, S1:
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Abstract: Using DFT band structure simulations together with semi-classical Boltzmann transport
kinetics equations, we have explored the optoelectronic and transport features of MnxZn1−xTe
(x = 8% and 16%) crystals. Optimization of the doping and related technological processes it is
extremely important for optimization of the technological parameters. The Generalized Gradient
Approximation is applied to compute the corresponding band structure parameters. We have applied
the Generalized Gradient Approximation Plus U (GGA+U). We have demonstrated that MnxZn1−xTe
(x = 8% and 16%) is a direct type band semiconductor with principal energy gap values equal to
2.20 and 2.0 eV for x = 8% and 16%, respectively. The energy gap demonstrates significant decrease
with increasing Mn content. Additionally, the origin of the corresponding bands is explored from
the electronic density of states. The optical dispersion functions are calculated from the spectra of
dielectric function. The theoretical simulations performed unambiguously showed that the titled
materials are simultaneously promising optoelectronic and thermoelectric devices. The theoretical
simulations performed showed ways for amendment of their transport properties by replacement of
particular ions.

Keywords: electronic properties; optical properties; thermoelectricity; semiconductors;
electrical engineering

1. Introduction

It is well known that the pure ZnTe, crystals are direct type semiconductors (with Eg = 2.26 eV).
More importantly, due to specific electronic and phonon features these materials have abundant
potential for thermoelectric and optoelectronic applications [1–4]. Moreover, recently, ZnTe was doped
by different transition metals that caused a huge attention due to their attractive magnetic properties,
high fluorescence and structural compatibility with II–VI semiconductors and some essential III–V
semiconductors, for example, GaAs [5–11]. In 2010, Mn-doped ZnTe was proposed due to its good
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theoretical band gap [12,13]. Thus, it can be used as a spintronic material and for studies of its
magnetic properties.

For practical applications, the existence and optimization of the existing technology is a very hot
topic. However, without reliable band structure parameters it is not possible to predict the ways in
which the technology will further improve.

Addition of the transition metals opens a rare opportunity to vary their optoelectronic and
thermal features in the desired directions. This is caused by a high flexibility of the 3d TM orbitals
effectively interacting with the p orbitals of the anionic dopants. Many of them possess the localized
d-states within the energy gap. Very interesting is use of ZnTe for the fabrication of green LED (light
emitting diodes) [14] and various devices like THz emitters and detectors. The principal parameters
are determined by the valence band state features originating from p Te states and their coordination
by the cationic environment possessing space localized d-states. Today the main detectors in the
visible spectral rage are based on Si. However, the band dispersion near the top of the valence band
with respect to the bottom of conduction band is not very suitable for such applications. Conversely,
the ZnTe has a suitable band energy gap and relatively high quantum efficiency. However, a strong
density-functional theory (DFT) band structure calculation is absent, and most of the research in this
direction are based on the oversimplified models without the band structure dispersion in k-space.
Therefore, focusing on studies on ZnTe band dispersion and its changes after d-states doping is
extremely important for the design of optoelectronic and thermoelectric devices of photodetectors [15].

Among a lot of technological approaches for thin-film ZnTe production, like molecular beam
epitaxy, thermal vacuum evaporation, vapor phase epitaxy, physical vapor transport, hot wall
evaporation, metallic–organic vapor phase epitaxy and electrodeposition [16–25], it is clear that the
only way to amend these methods is knowledge about the principal changes of the hyperfine band
structure after doping by 3d elements, and the origin of electronic states. In several works [26,27],
the optoelectronic features of ZnX (X = O, S, Se, Te) have been studied within a framework of a DFT
approach. However, the influence of doping has not been explored yet.

The goal of our manuscript is to study the effect of Mn impurities on optical and thermoelectric
properties. Using first principles, and the total energy method, we have firstly applied the Generalized
Gradient Approximation (GGA) in order to study the MnxZn1−xTe (x = 8% and 16%) band structure
dispersion. It is shown that, indicates that GGA method is not enough get the exit gap therefore we
have included a Hubbard-like contribution of the Mn d states, according to the so-called Generalized
Gradient Approximation Plus U (GGA+U) is able to open the big band gap.

Following the reasons presented above in the present work we present studies of the band structure
for the ZnTe single crystals doped by Mn using the first principle DFT method for the bulk material
of MnxZn1−xTe (x = 8% and 16%), The results obtained may be very useful for the further materials
engineering optimization of the technological doping processes to achieve enhanced optoelectronic
and thermoelectric features.

2. DFT Calculation Technique

MnxZn1−xTe (x = 8% and 18%) possesses tetragonal symmetry. The basic lattice unit cell structures
are depicted in Figure 1. We have applied the Full Potential Linear Augmented Plane wave method
(FP-LAPW) method and at the beginning we optimized the initial structures within a framework of the
one-electron WIEN2k package. GGA+U was used to evaluate the band electronic structure dispersion
and the related optical function dispersion of the titled MnxZn1−xTe (x = 8% and 16%) materials.

We extended the primitive cell of ZnTe to 2 × 2 × 2 supercell containing 32 atoms (Zn and Te
contains both 16 atoms), and used the supercell to simulate Mn doped systems. For the Mn doped ZnTe,
one Zn atom substitutes for one/two (8/16 %) Zn, and denoted such systems as MnxZn1−xTe (x = 8%
and 18%). For the MnxZn1−xTe (x = 8% and 18%) the muffin tin (MT) spheres radii were assumed to
be equal to 1.8 and 2.0 Bohr, respectively. The values used for plane cutoff and harmonic expansion
were lmax = 10 and RMTKmax = 8.0. The condition for the energy convergence in the self-consistent
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iteration was set to be equal to about 0.00001 eV. BoltzTrap code (which works with constant relaxation
time) was used to calculate thermoelectric Seebeck coefficient, power factor, electrical and thermal
conductivities using semi classical Boltzmann transport theory, based on the electronic band structure.

Figure 1. Representation and labeling of unit cell structure for MnxZn1−xTe (x = 8% and 16%) crystalline
solid state alloys.

3. Results and Discussion

3.1. Electronic Structure

Using the modified Becke Johnson (mBJ) potential for high symmetry points
[A→Γ→M→L→A→H→K→Γ] of the irreducible Brillouin zone (BZ), the electronic band energy
diagrams for Up and Down states of MnxZn1−xTe (x = 8% and 16%) are depicted in the Figure 2.
The spin-polarized calculations have been performed, in which the majority and minority spin
electrons were treated separately. We applied the Generalized Gradient Approximation Plus U
(GGA+U). Here the Fermi level is indicated by dashed line separating the valance band maximum and
conduction band minimum.
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Figure 2. Electronic band structure along high symmetry points for MnxZn1−xTe (x = 8% and 16%).

It is obvious that these crystals have different band dispersion in the k-space. From the band
structure, it was established that all the titled compounds were direct band semiconductors with
energy band gap magnitudes equal to 2.20 and 2.0 eV for MnxZn1−xTe (x = 8% and 16%), respectively.
These calculated band gap values were in sufficiently good agreement with the experimental values
calculated from UV-vis diffuse reflectance spectra.

For all the band structures, principal contributions to the valance band minimum originated from
3d orbitals of Mn and p Zn orbitals, while the unoccupied states originated from 3p orbitals of S with a
small admixture of other states of different atoms.

The spin polarized total density of states (TDOS) and partial density of states (PDOS) in a wide
energy range is extended within −12.0 eV ~ 14.0 eV for the electronic states of MnxZn1−xTe (x = 8%
and 16%) compounds depicted in the Figures 3 and 4. We saw only minor changes at the conduction
band minimum for both percentages.
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Figure 3. Total Density Up and Down of states for MnxZn1−xTe crystals (x = 8% and 16%).

Figure 4. Up and Down states of the PDOS for MnxZn1−xTe crystals (x = 8% and 16%).

Following Figure 3, it is clear that for the 8% doped crystal the density of states (DOS) is comparable
to the 16% doped crystals. Also, the energy separation between occupied and unoccupied states was
established to be higher for 8% with respect to 16%.

The (PDOS) for the electronic states of MnxZn1−xTe (x = 8% and 16%) can be subdivided into three
separate energy regions. For the compounds MnxZn1−xTe (x = 8% and 16%), a major contribution is s
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orbitals of Te with a small admixture coming from Zn s/p/d. For an energy interval extending within
−7.2 . . . 6.5 eV, the PDOS, for the compounds MnxZn1−xTe (x = 8% and 18%) had a major contribution
due to d and p originated Zn band states, along with the small contribution Te-p and Mn-s atoms.

In Mn, doped ZnTe Mn-s/p/d stats played a crucial role for reported energy range (−4.0–4.0 eV).
A strong hybridization was observed between Zn s/p and d states along with the Mn s/p/d states. Its
role in conduction bands became more prominent than the valence band.

3.2. Optical Function Dispersion

Study of the optical properties is important for understanding the electronic structure of the
materials. These can be attained from the complex dielectric function ε(ω) which is expressed as

ε(ω) = ε1(ω) + iε2(ω) (1)

The imaginary part ε2(ω) is found from the momentum dipole transition matrix elements between
the occupied and the unoccupied electronic states, and has been computed using Equation (1) [28],

ε2
i j(ω) =

4π2e2

Vm2ω2 ×
∑

knn′σ
〈knσ|pi

∣∣∣kn′σ〉〈kn′σ
∣∣∣pj|knσ〉 × fkn(1− fkn′)σ(Ekn′ −kn −�ω) (2)

The dispersion of the real part of the dielectric function ε(ω) was computed using the imaginary
part by using Kramer’s- Kronig relations.

ε1(ω) = 1 +
2
π

P

∞∫
0

ω′ε2(ω′)
ω′2 −ω2

dω′ (3)

The symbol P represents the principal value of the integral.
With the help of real and imaginary part dispersions for dielectric function, other optical properties

were calculated. The complex index of refraction is written as

ñ(ω) = n(ω) + ik(ω) (4)

Here n(ω) is refractive index and k(ω) is extinction coefficient can be obtained from
dielectric function.

n(ω) =

⎛⎜⎜⎜⎜⎜⎜⎜⎝
ε1(ω) +

(
ε2

1(ω) + ε
2
2(ω)

)1/2

2

⎞⎟⎟⎟⎟⎟⎟⎟⎠
1/2

(5)

At low frequency (i.e., ω = 0), the real part of the refractive index is called the static refractive coefficient

n0 = [ε(0)]
1
2 .

So, from the complex dielectric function dispersion which contains both real and imaginary parts
all the other optical functions were also calculated, such as absorption coefficient I(ω), energy loss
function L(ω) and reflectivity R(ω). As the reflectivity is the percentage of reflected ray intensity on
the incident ray intensity of electromagnetic waves on the system, it can be expressed as

R(ω) =
(n(ω) − 1)2 −K(ω)2

(n(ω) + 1)2 −K(ω)2 (6)

The absorption coefficient is the power absorbed in a unit length of solid, and is calculated by
using this formula

I(ω) =
4πP(ω)
λ0

(7)
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The energy loss function has been calculated as

L(ω) =
ε2(ω)

ε2
1(ω) + ε

2
2(ω)

(8)

The optical absorption spectra may be considered an effective experimental tool to identify the
hyperfine band electronic structure of crystalline solid state materials. At the beginning we explored
the optical absorption spectra for MnxZn1−xTe (x = 8% and 18%). To describe the optical function
dispersions of the titled crystals possessing tetragonal symmetry, only two tensor components (εxx(ω) =
εyy(ω) and εzz(ω)) are sufficient following the general symmetry. But in the present work, we consider
an average value of the two tensor components, both for the real part as well as in the imaginary
part dispersion of the dielectric constant. The optical properties (the real (ε1

ave (ω)) and imaginary
(ε2

ave (ω)) part of dielectric functions and other associated optical properties) have been investigated
at the equilibrium constant at energies up to 25.0 eV and are illustrated in Figures 5 and 6. Real and
imaginary parts of the dielectric function dispersion for MnxZn1−xTe (x = 8% and 18%) are shown in
Figure 5.

Figure 5. Calculated imaginary part (dark solid curve-black color for up spin) and (long solid curve-red
color for down spin) spectra of MnxZn1−xTe (x = 8% and 16%).

Figure 6. Calculated real part dispersion (dark solid curve-black color for up spin) and (long solid
curve-red color for down) spectra of MnxZn1−xTe (x = 8% and 16%).
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The determination of the imaginary part ε2
ave (ω) confirms that the threshold energy of the dielectric

function (i.e., first optical critical point) exists at energy equal to about at 2.6 eV for MnxZn1−xTe (x = 8%
and 18%) compounds. This point is MV-MC splitting or ΓV-ΓC transition, which is in accordance
with the threshold for direct optical inter-band transitions known as the fundamental absorption
edge existing in the middle of the highest CBM and VBM BZ points. The spectra demonstrated a
relatively fast increase in the fundamental absorption edge caused by the abrupt surpassing of many
points which are contributing towards ε2

ave (ω). The number of spectral peaks increased as the energy
increased and we have detected the highest peaks at energy about 3.5 eV for MnxZn1−xTe (x = 8% and
18%). Weak anisotropy was noticed in spectra of MnxZn1−xTe (x = 8% and 18%) within the energy
range situated between 3.2 ~ 7.0 eV. So, applying the Kramer-Kronieg relations [19,20], the real part
dispersion is computed following the imaginary part dispersion (this is shown in Figure 6).

The principle spectral peaks of the real part, having a magnitude of < 7.0 for MnxZn1−xTe (x = 8%
and 18%) compounds, were observed at energies about 3.5 eV. But the spectra curves were decreasing
as the energy was increasing and crossed the zero line at about 6.0 eV for MnxZn1−xTe (x = 8% and
18%). The calculated values of static dielectric constant

(
εave

1 (0)
)

were found to be equal to about 3.8
and 3.7 for MnxZn1−xTe (x = 8% and 18%) at the conditions of equilibrium lattice constant. We also
studied the dispersions of associated optical constant like refractive index nave (ω), absorption spectra
Iave (ω), reflectivity Rave (ω), and energy loss function Lave (ω). So, following the results obtained it is
clear that the Mn doping may effectively vary the resonance position of the spectral maxima for the
titled crystals.

The principal method to find out how deeply light penetrates into the material is the determination
of absorption coefficient I (ω) dispersion. The highly localized inter-band transitions mainly gave
rise to absorption spectra. The calculated absorption coefficients dispersions are plotted in Figure 7.
The spectra showed similar behaviors for the investigated materials, but also illustrated a few differences
with significant optical anisotropy. The absorption edges were closely related to their band gaps and
have been found to be equal to 2.5 eV for MnxZn1−xTe (x = 8% and 18%) compounds. In addition, as the
energy increased, the absorption coefficient values obtained also were increasing and the maximum
spectral peaks were situated in the spectral range situated within 5.0 ~ 9.0 eV. The spectra showed a
sharp drop at 15.0 eV, which may be caused by electronic inter-band transitions, appearing only when
a photon of specific energy is resonantly absorbed. The sharp decrease in the spectrum also shows a
possibility of forbidden in dipole approached inter-band transitions in the band structure. Generally,
it is necessary to have a direct band gap type for any crystalline material that may be considered as a
promising candidate for photovoltaic, photoelectrical and even photo-thermal applications [20,21].

Figure 7. Calculated absorption spectrum (long solid curve-black color for up) and (long solid curve-red
color for down) spectra for MnxZn1−xTe (x = 8% and 16%) crystals.
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The refractive index n(ω) dispersion is shown in Figure 8. In this work we pay particular attention
only to the average refractive index magnitudes. It is crucial there exists weak anisotropy between
MnxZn1−xTe (x = 8% and 18%). In Figure 8, we have established that the highest refractive index peaks
for MnxZn1−xTe (x = 8% and 18%) compounds are situated near the spectral energy equal to about
3.5 eV. After the energy limit mentioned, the titled peaks were substantially spectrally shifted toward
lower energies as we moved from 8% to 16%, but as the energy increased from 3.5 eV a decrease in the
spectral peaks was observed.

Figure 8. Calculated refractive index (long solid curve-black color for up) and (long solid curve-red
color for down) spectra of MnxZn1−xTe (x = 8% and 16%) crystals.

Figure 9 shows that with the energy increases, we have an inverse relation with energy loss
function (as shown in Figure 10), but it still shows minimal reflectivity in the visible region. It is also
very important that at higher energies, all the three materials have a slightly higher reflectivity.

Figure 9. Calculated reflectivity (long solid curve-black color for up) and (long solid curve-red color
for down) spectra of MnxZn1−xTe (x = 8% and 16%).
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Figure 10. Calculated energy-loss spectrum (long solid curve-black color for up) and (long solid
curve-red color for down) spectra for MnxZn1−xTe (x = 8% and 16%).

3.3. Thermoelectric Properties

We calculated and analyzed the electrical conductivity (σ), thermal conductivity (κ), Seebeck
coefficient (S), power factor (PF), and figure of merit (ZT) as a function of temperature in the range
100–800 K. The average values of the electrical conductivity (σave) were computed for three compounds,
as shown in Figure 11. It is evident from the figure that all of the compounds showed different behavior
with increasing temperature. In fact, average electrical conductivity (σave (T)) of MnxZn1-xTe (x = 8 and
16%) is shown in Figure 11, and clearly demonstrates the fact that doping by 8% lead to a significant
increase of electrical conductivity and temperature for spin up case, and for 8% spin down case we
had a lower value of electrical conductivity obtained even at higher temperature. When the doping
was enhanced up to 16% then there was a linear increase of conductivity versus electrical conductivity
and temperature for up case, but at down case there was no change in electrical conductivity even at
higher temperatures. These results may serve as an independent confirmation of the semi-conducting
nature of these doped chalcogenides. At 100 K the values of σave (T) for MnxZn1−xTe (x = 8% and 16%)
considered were found to be equal to 0 and 0.45 × 1018(Ω s)−1 for up and down cases, while for 16% the
value of σave (T) is 0 × 1018 and 0.5 × 1018(Ω s)−1. With increase of temperature, that is, at 800 K, there
was a substantial rise in σave (T). The maximum value for MnxZn1−xTe (x = 8%) is 4.8 × 1018(Ω ms)−1

and 0.4 × 1018(Ω ms)−1 for up and down case and for MnxZn1−xTe (x = 16%) was 5.6 × 1018(Ω ms)−1

and 0 × 1018 (Ω ms)−1 for up and down, respectively. At the same temperature (800 K) the compound
having doping 16% showed the maximum value of electrical conductivity.

Figure 11. Electrical conductivity (long solid curve-black color for up) and (long solid curve-red color
for down) for MnxZn1−xTe (x = 8% and 16%) versus temperature.
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The calculated value of the Seebeck coefficient Save (T) is plotted as a function of T (100–800 K) as
shown in Figure 12. The Seebeck coefficient has an inverse relation with carrier concentration, which is
represented by the following formula

S =
(
8π2KB/3eh2

)
m ∗ T (π/3n)2/3 (9)

Figure 12. Temperature dependences of Seebeck coefficient (long solid curve-black color for up) and
(long solid curve-red color for down) for MnxZn1−xTe (x = 8% and 16%).

In the equation above, n is carrier concentration while m* means effective mass, KB is Boltzmann
constant, h is Planks constant. The Seebeck coefficient of MnxZn1−xTe (x = 8% and 16%) compound
shows a significant anisotropy in the all-inclusive within 100–800 K temperature range. These changes
in Save (T) are caused by the band anisotropies of the electronic band structure. As the value of
the Seebeck coefficient was positive, it demonstrated p-type semiconductor features (see Figure 12).
With the increase of T from 100–800 K, the Seebeck coefficient of MnxZn1−xTe (x = 8%) decreased from
1.9 × 10−3–8 × 10−4 μVK−1 up case and for down case there was no change in the Seebeck coefficient as
in the variation in the temperature. For MnxZn1−xTe (x = 16%) Save (T) for 100–350 K, they had an
inverse relationship with temperature.

The calculated average electronic thermal conductivity σave (T) (the inset figure shows the zoom
up state) is shown in Figure 13 for MnxZn1−xTe (x = 8% and 16%). It is clear from Figure 6 that σave (T)
for these three chalcogenides increased with T and demonstratied a huge anisotropy within the entire
temperature range from 100 K to 800 K (the inset figure shows the zoom 16% down state). Figure 6
confirms that the crystal MnxZn1−xTe (x = 8%) showed minimal changes of σave (T) for down 8%
with respect to Up. σave (T) was enhanced with increasing temperature from 100–800 K and achieved
its maximal value, that is, 2.8 × 1014 W/mKs for MnxZn1−xTe (x = 8% Up) and 0.5 × 1014 W/mKs
MnxZn1−xTe (x = 8% Dn) when the rate of doping was increased up to 16%. Then the value of thermal
conductivity was increased in the up case, as shown Figure 13. For MnxZn1−xTe (x = 16%) the σave (T)
displays the highest value at 800 K with respect to the MnxZn1−xTe (x = 8%) 3 × 1014 W/mKs (Up) and
0.25 × 1014 W/mKs (Dn).

Figure 14 presents the calculated average power factor S2σave (T) for all materials (the inset figure
shows the zoom 16% down state). It was observed that the PF increases linearly for MnxZn1−xTe
(x = 8% Up) with temperature, while for the down case PF only slowly varied with temperature. At
100 K, MnxZn1−xTe (x = 8%) had a magnitude 0.27 × 1011 W/mK2s (Up) and 0.0 × 1011 W/mK2s (Dn)
case, when temperature increases to 800 K. Power factors in case of up and down have magnitudes
2.6 × 1011 W/mK2s and 5.5 × 1010 W/mK2s, respectively. For MnxZn1−xTe (x = 16%), power factor
increased for the up case with increase in temperature, as shown in Figure 14. Hence, this might reflect
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the fact that this crystal may be promising for cooling devices and MnxZn1−xTe (x = 8% and 16%)
shows higher greater value of S2σave (T) at higher temperatures only for up case.

Figure 13. Thermal conductivity (long solid curve-black color for up) and (long solid curve-red color
for down) dependences versus temperature for MnxZn1−xTe (x = 8% and 16 %).

Figure 14. Temperature dependences of power factors (long solid curve-black color for up) and (long
solid curve-red color for down) for MnxZn1-xTe (x = 8% and 16 %).

The figure of merit ZT = S2σT/k has been calculated by including the electrical conductivity and
Seebeck coefficient times T over thermal conductivity, as shown in Figure 15. For temperature range
within 100 . . . 800 K, ZT for MnxZn1−xTe (x = 8% and 16%) compounds exhibit different behavior,
firstly both materials demonstrate a decrease with increasing T up to 800 K and after we had almost
temperature-independent behavior. From the results obtained the figure of merit ZT = 1 (Up 8%) and
0.80 (Dn 8%) and for 16% its values were 0.90 and 0.60 for Up and down cases, respectively. The larger
value of ZT generally is caused by lower thermal conductivity and higher electrical conductivity.
In general, our calculations confirm that at higher temperatures MnxZn1−xTe (x = 8% and 16%) possess
better thermoelectric efficiencies and have more potential for thermoelectric devices.

It is necessary to emphasize that a huge role for the chalcogenides begins to be played by the
anharmonic phonons, as was shown using photo-induced optical methods [29–31].
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Figure 15. Temperature dependence Figure of merit (long solid curve-black color for up) and (long
solid curve-red color for down) for MnxZn1−xTe (x = 8% and 16%).

4. Conclusions

The optoelectronic and transport features of the MnxZn1−xTe (x = 8% and 16%) crystals have been
simulated within the DFT approach using the GGA+U approximation. It was shown that the materials
studied are semiconductors with a direct type band energy gap (Γ-Γ) with magnitudes equal to 2.20 eV
and 2.0 eV for MnxZn1−xTe (x = 8% and 16%), respectively. The calculated dispersions of optical
functions within the energy range 0 . . . 25 eV show that the up states of 8 and 16% possess strong
optical response in the energy range covering the visible light and extreme UV regions. Thus, the direct
band gap and strong absorption in this region of energy make these materials excellent candidates for
optoelectronic devices. From the transport kinetics calculations, we have shown also that both the
MnxZn1−xTe (x = 8% and 16%) crystals show promising thermoelectric properties. Finally, we expect
that the current study can give several supportive hints for additional experimental investigations for
the materials considered.
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Abstract: There are a large number of materials with mild stiffness, which are not as soft as tissues
and not as strong as metals. These semihard materials include energetic materials, molecular crystals,
layered materials, and van der Waals crystals. The integrity and mechanical stability are mainly
determined by the interactions between instantaneously induced dipoles, the so called London
dispersion force or van der Waals force. It is challenging to accurately model the structural and
mechanical properties of these semihard materials in the frame of density functional theory where
the non-local correlation functionals are not well known. Here, we propose a van der Waals density
functional named vdW-DFq to accurately model the density and geometry of semihard materials.
Using β-cyclotetramethylene tetranitramine as a prototype, we adjust the enhancement factor of
the exchange energy functional with generalized gradient approximations. We find this method to
be simple and robust over a wide tuning range when calibrating the functional on-demand with
experimental data. With a calibrated value q = 1.05, the proposed vdW-DFq method shows good
performance in predicting the geometries of 11 common energetic material molecular crystals and
three typical layered van der Waals crystals. This success could be attributed to the similar electronic
charge density gradients, suggesting a wide use in modeling semihard materials. This method could
be useful in developing non-empirical density functional theories for semihard and soft materials.

Keywords: density functional theory; van der Waals corrections; semihard materials;
molecular crystals

1. Introduction

Semihard materials generally consist of molecules. Energetic materials are a common class of
semihard materials with light composites of elements C, H, O, and N, of which the molecular sizes
are moderate (ranging from 10 to 1000 atoms) leading to fast chemical kinetics so that the chemical
reactions during decomposition or detonation occurs in a few picoseconds. To gain high energy
densities, these molecules are mostly bonded via intermolecular London dispersion forces to form
molecular crystals (Figure 1a–k), which belong to semihard materials since they have mild hardness.
The mass density is closely related to the energy density and detonation performance. Therefore,
the accurate prediction of the mass density within 3% of experimental values is critical in predicting
the reaction rate and energy density. In general, Density Functional Theory (DFT) [1] is a reliable and
popular tool to predict material properties and material designs. However, the London dispersion
force is poorly described with conventional semi-local approximations to DFT [2] since it is essentially
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a nonlocal electron correlation effect. As a result, an accurate description of the dispersion force is
essential in DFT modeling of energetic materials.

Figure 1. Semihard materials. The primitive unit cell of (a) β-HMX, (b) α-HMX, (c) δ-HMX, (d) α-RDX,
(e) β-RDX, (f) γ-RDX, (g) α-TNT, (h) β-TNT, (i) PETN, (j) Tetryl, and (k) TATB. The layer materials are
(l) Graphite, (m) h-BN, and (n) MoS2 .
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There are extensive studies to improve the modeling of dispersion, or van der Waals (vdW)
interactions [2,3], such as DFT-D [4–9], vdW-TS [10,11], DFT-vdWsur f [12], and vdW-DF [13–16]
methods. The DFT-D1 and DFT-D2 methods are classified as the 1st rung of Jacob’s Ladder for
DFT-based dispersion correction schemes according to Klimes and Michaelides [3]. The DFT-D3
and vdW-TS methods belong to the next rung that has environment dependent C6 corrections.
Non-local density functionals like DFT-DF and DFT-DF2 methods sit in the 3rd rung [3], of which the
overall accuracy increases, as well as the computational demand. Recently, a few improvements in
vdW-DF methods have been proposed, including optPBE-vdW, optB88-vdW, optB86b-vdW [17,18],
vdW-DF2-C09 [19], vdW-DF-cx [20], rev-vdW-DF2 [21], PBE+rVV10 [22], PBEsol+rVV10 [23],
SCAN+rVV10 [24], and SG4+rVV10 [25]. These methods are designed to minimize the error of
the binding energies and interaction energy curves in a certain collection of materials, such as the S22
data set [26], aiming for a general use for all materials. The accuracy of these models on energetic
materials like HMX has not been assessed yet. We found that the prediction of the mass density in
HMX is still not satisfied, as opposed to the claimed success in many other materials. Here we propose
a vdW-DF-based method (we denote it as vdW-DFq) using a single parameter to tune the exchange
functional so that the target mass density can be achieved. We are looking for a reliable model for a
particular material, instead of a general formula for all materials.

The cyclotetramethylene tetranitramine (HMX) shown in Figure 1a–c is an important secondary
explosive. The P21/c monoclinic crystal structure, namely β-phase, (Figure 1a) is thermodynamically
the most stable phase of HMX under ambient conditions. β-HMX has a high detonation velocity and
high energy density. HMX is most commonly used in military and industrial applications including
automobile air bags, rocket propellants, and polymer-bonded explosives. Therefore, β-HMX has been
extensively studied [27–29]. We focus on β-HMX as a representative of semihard materials because of
its moderate bulk modulus (around 15 GPa).

2. Methodology

Within the DFT frame work, the van der Waals density functional (vdW-DF) [13] is good for both
covalent and van der Waals (vdW) interactions in a seamless fashion. The exchange correlation energy
Exc as sum of exchange energy Ex and correlation energy Ec is expressed as

Exc = Ex + Ec = EGGA
x + ELDA

c + ENL
c (1)

where EGGA
x is the exchange energy within the generalized gradient approximation (GGA) [30], ELDA

c
is the short-range correlation energy within the local density approximation (LDA) [31], and ENL

c is
the non-local correlation energy is long-range beyond LDA. ENL

c could be expressed as

ENL
c =

1
2

∫ ∫
drdr′n(r)φ(d, d′)n(r′), (2)

where n(r) is the electron density at the point r, and φ(d, d′) is the vdW kernel [13], d = q0(r)|r − r′|),
d = q0(r

′)|r − r′|), q0 is a function of n(r) and its gradient |∇n(r)|, which determines the long-range
asymptote as well as the short-range damping of the vdW kernel. The choice of LDA for the short-range
correlation is to avoid possible double counting of the gradient on n(r) and |∇n(r)|. Ultimately, this
choice implicitly implies that the only non-local correlation term is due to vdW interactions, where
the vdW kernel is actually derived in a way to model dispersion. The computational cost for vdW-DF
calculations is marginal as compared with orbital dependent functionals and recent developments
in efficient algorithms [32–34]. As a result, vdW-DF calculations are feasible in large calculations at a
computational cost comparable with that of conventional semi-local DFT, at about only 30% additional
computation time from the authors’ experience.
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The general form of the GGA exchange energy functional is given as

EGGA
x =

∫
drn(r)εuni f

x [n(r)]FGGA
X [s(r)], (3)

where ε
uni f
x (n) = −3kF/4π with kF = (3π2n)

1
3 is the exchange energy for the uniform electron gas,

FGGA
X (s) is the GGA enhancement factor, which distinguishes one GGA from another. The variable s

in FGGA
X (s) is the dimensionless reduced gradient, defined as

s =
|∇n|

2(3π2n)1/3n
. (4)

The reduced gradient expresses how fast the density varies on the scale of the local Fermi
wavelength kF. When s is set to zero, the GGA functional reduces to LDA. There are quite a few
proposals of the EGGA

x for vdW-DF [17–19,32].
The nonlocal vdW-DF consistently overestimates the inter-fragment distance, although it improves

the description of van der Waals interactions over conventional semi-local DFT. The original vdW-DF
uses the revised Perdew-Burke-Ernzerhof (revPBE) [35] exchange functional for weakly interacting
molecular pairs. However, the revPBE exchange correction is too repulsive at small separations [36].
Therefore, a few efforts are devoted to develop a better exchange functional for the nonlocal correlation
functional. Klimeš et al. [17,18] have introduced several exchange functionals with accurate binding
energies of molecular duplexes in the S22 data set [37]. Cooper constructed an exchange functional
(named C09x) based on revPBE [19]. The second version of vdW-DF (vdW-DF2) uses the revised
PW86 (rPW86) exchange functional [14]. Additionally, there are a few other nonlocal correlation
functionals [38–41].

Recently a vdW-DF optimized semi-empirically based on the Bayesian error estimation named
BEEF was proposed [42]. Hamada also proposed an exchange functional for the second version of
vdW-DF (vdW-DF2). The so called rev-vdW-DF2 [21] is based on the GGA exchange functional of
optB86b [18] with a revised q value of 0.7114 (as named B86R). A very recent study suggests that
rev-vdW-DF2 is very accurate for weakly bound solids overall compared to other methods. However,
it is still not satisfactory on our demanded accurancy in geometry. Nevertheless, the performance
of the improved functionals depend on the system, and for the applications to a variety of systems
including surfaces and interfaces, which consist of materials with different bonding natures, accuracy
of vdW-DF has yet to be improved.

It is worth noting that all these methods are targeting general materials and all the properties,
which is definitely a non-trivial work because the exchange enhancement factor is hard to satisfy in all
systems where the reduced density gradient is different from case to case. In some cases, one needs
a well tailored density functional only for a particular property of interest. For example, the mass
density is the primary concern in prediction of the detonation performance of energetic materials.
Thus, a relatively simple, accurate, and tunable density functional theory is indispensable.

To obtain an accurate exchange functional for vdW-DF, the following properties are considered
here. First, EGGA

x should recover the second-order gradient expansion approximation (GEA) [43] at the
slowly varying density limit as

FGEA
X (s) = 1 + μs2, (5)

with μ = 10/81. This property plays an important role in predicting equilibrium geometries for solids
and surfaces [44]. This constraint has been applied in other exchange functionals [18,20,45]. It is worth
pointing out that C09 employs μ = 0.0864. Second, at large gradient limit, it proposed that Fx should
have s2/5 dependence so that it can avoid the spurious binding from exchange only. So far only Perdew
and Wang (PW86) [46] and Becke (B86b) [47] exchange functionals fulfill this reqirement [45].
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Murray et al. [45] re-parameterized PW86 to satisfy these known limits (PW86R), which leads to
vdW-DF2. However, it turns out that the exchange functional is repulsive in solids and adsorption
systems, leading to overestimated equilibrium distances [48].

Another efforts is that Hamada proposed a revised B86b exchange functional (B86R), which
improves the description of the attractive van der Waals interactions near the equilibrium over the
original vdW-DF. The enhancement factor for the B86b exchange functional is given by

FX(s) = 1 + fqμ0s2, (6)

fq = 1
(1+μ0s2/q)4/5 (7)

When s → 0, the factor fq = 1 and the first condition is fulfilled. The value of q is arbitrarily
determined by a least square fit to FX of the original B86b at 8 < s < 10.

The first order derivative of the exchange enhancement factor with respect to the reduced density
gradient d

ds FX is important for binding separations [20], which can be obtained directly, as

d
ds

FX(s) = 2μ0 fqs − 1.8μ2
0 f 9/4

q /qs3. (8)

We can determine q by reproducing the B86b asymptote at s → ∞. However, the results are
still questionable in improving accuracy. Thus Hamada have obtained q = 0.7114 by the least square
fit. Using the same principle, Berland and Hyldgaard [20] introduce an exchange functional, namely
LV-PW86r, for the original vdW-DF which leads to vdW-DF-cx.

Here we propose the vdW-DFq method to tune the q for the particular system as a calibration
to the experiments. For instance, we find a very good agreement with experiment in predicting the
mass density of β-HMX using q = 1.05. Figure 2a,b illustrates the enhancement factor of B86q with
the q = 1.05 exchange energy functional along with ten other corresponding ones in the low-gradient
(panel a) and high-gradient domains (panel b). Their derivatives are displayed in the lower part of
the figure.

It is desirable that the exchange energy functional fullfills the gradient at the slowly varying
density limit, in addition to the revPBE asymptote at the large reduced gradient. Therefore, we
roughly divide the range of the reduced density gradient into two domains: 0–3 for the slowly varying
density domain (low-gradient domain) and 3–10 for the large reduced gradient domain (high-gradient
domain). Plots of the enhancement factors provide a way to visualize the s dependence of the GGA.

A universal accurate function of the enhancement factor might be hard find. However, it is
practical to tune the enhancement factor for a particular kind of materials that have similar electronic
charge density gradients s. To achieve that, a function of enhancement factor that can be tuned in a
large range is expected to explore the more FX − s and d

ds FX − s space. We find that the enhancement
factor in form of Equation (5) are surprisingly good for tuning enhancement factors by varying q
values. One can see in Figure 3 that both the enhancement factor and its derivative vary over a wide
range when q is changed from 0.1 to 100.0. This illustrates that q is an effective variable to tune the
exchange energy functional and binding separations.
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Figure 2. Enhancement factors. The exchange enhancement factor FX as a function of reduced density
gradient s for 11 exchange functionals in GGA formula in the range of (a) 0–3 for low-gradient domain
and (b) 3–10 for high-gradient domain. The vdW-DFq used the optB86b exchange energy with q = 1.05.
The derivatives d

ds FX as a function of s are illustrated in the range of (c) 0–3 and (d) 3–10.

3. Results and Analysis

The proposed vdW-DFq method is firstly tested for β-HMX, whose primitive cell is shown
in Figure 1a. The geometry optimization of the primitive unit cell starts with the experimental
configuration [49]. The atoms are then relaxed to the configuration with the minimum total energy.
Our optimized crystal structure has a space group of P21/c. The optimized lattice constants using
various methods are summarized in Table 1. The relative standard deviation (RSD) or the error of the
predicted volumes to the experiment are also listed as a measurement of the accuracy of these methods.

The experimental values are taken from the report of Herrmann et al. [50] in which they
measured the crystal structures under various temperatures using X-ray diffraction. The standard
DFT calculations (denoted as PBE hereafter) without van der Waals corrections agree well with the
previous theoretical prediction [27]. It shows that standard DFT calculations give poor predictions.
For example, the volume of the unit cell is 6.8% larger than the experimental value. The volume of
β-HMX from rung 1 vdW methods (PBE-D2), rung 2 vdW methods (PBE-D3, PBE-TS, RPBE-D3), and
PBEsol calculations [51] has a significant improvement over standard DFT calculations. They have a
RSD within 2% compared to the experimental value.
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Figure 3. q dependent enhancement factor. The comparison of the exchange enhancement factor FX(s)
in exchange energy functionals in the vdW-DFq method for various q values. The reduced density
gradient s is in the range of (a) 0–3 low-gradient domain and (b) 3–10 high-gradient domain. The B86q
and B86R denotes the case of q = 1.05 and 0.7114 respectively. The d

ds FX is illustrated in the range of
(c) 0–3 and (d) 3–10.

The van der Waals density functional methods are in rung 3. The explicitly tested methods
are original vdW-DF [13], vdW-DF2 [14], optPBE-vdW [18], optB88-vdW [18], optB86b-vdW [18],
vdW-DF2-C09 [19], LV-PW86r, vdW-DF-cx [20], rev-vdW-DF2 [18], screened-vdW [52], and vdW-DFq.
It is worth pointing out that the gradient coefficient Zab is −0.8491 and −1.887 in vdW-DF and
vdW-DF2 methods, respectively [18]. One might expect that the more computing intensive vdW-DF
models including the latest rev-vdW-DF2 method have higher accuracy as rung 3 vdW methods
compared to rung 0, 1 and 2 methods. However, it turns out that the accuracy some of the vdW-DF
functionals are even worse than standard PBE calculations as shown in Table 1. This implies that the
exchange energy functional plays an important role in determining the geometry of semihard materials
in vdW-DF methods. Only a carefully selected exchange energy functional together with the vdW-DF
methods can predict the volume accurately.

It is also seen from the results listed in Table 1 that the predicted volume scatters over a wide
range. One might want a way to monotonically tune the volume to that of the experimental volume.
Using the one-parameter vdW-DFq method proposed here, one can smoothly tune the system value to
the target one. It is worth noting that the only difference between the rev-vdW-DF2 and the vdW-DFq
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methods is the q value, which is fixed as 0.7114 in rev-vdW-DF2, but tunable in vdW-DFq from system
to system, where a value of q = 1.05 is good for β-HMX in this work, as illustrated in Figure 4.
In addition, we have carried out the calculation using optB86q-GGA without vdW-DF2 corrections to
examine the effect of vdW-DF2 corrections to the system’s volume. We find that the volume will be
19.75% larger than the experiment, clearly showing that vdW-DF2 corrections are important.

Figure 4. Geometry of β-HMX. The lattice constants a,b,c (a,b), lattice angle β (c,d), and volume of the
unit cell V (e,f) predicted from the proposed vdW-DFq method as a function of the one-parameter q in
a small range around 1.0 (left) and large range from 0 to 10 (right). The B86q and B86R denotes the
case of q = 1.05 and 0.7114 respectively. The dashed line is the experimental volume.

It is seen from Figure 4 that the lattice constants, lattice angle, and the volume can be tuned
continuously at a very large range. For example, the volume varies from 82% to 200% when q changed
from 0.1 to 100.0. Within the vicinity of the q = 1.0, the volume varies linearly with respect to q.
q = 1.05 gives the best match to the experimental volume with RSD of −0.16%. As a comparison,
the rev-vdW-DF2 method [18], the latest vdW-DF series method, predicted the volume as 496.905 Å3,
4.2% smaller than the experiment, which falls out of the satisfactory scope of 3%. At large deviation
from 1.0, the relationship between the volume and the variable q is nonlinear as expected.

The large tunable range and linear behavior in the vicinity of the q corresponding to the
experimental volume make the calibration of the vdW-DF much easier. This also indicates that
our method is simple and robust in modeling various semihard materials where the vdW interactions
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are critical but the analytical formula is unknown a priori. We focus on the geometry study because the
density is our main concern. One could tune q for other properties, such as for binding and cohesive
energies. One needs to keep in mind that the tuning parameter q is not unique: there are quite a few
parameters that affect the exchange energies. For example, one can also vary the gradient coefficient
Zab to modify the exchange energy functionals and it could tune the system’s volume as well. Our test
shows in Table 1 that when Zab = −0.8491 (vdW-DFk’) is used instead of −1.887 in vdW-DFq, the
system volume will have a −4.9% change.

In the proposed vdW-DFq method, the q = 1.05 is calibrated to β-HMX with the primitive unit
cell volume. A general concern rises about the predictive power of this method. To that end, we
further study the other semihard materials utilizing vdW-DFq method. Additional ten common
structures of high explosives are investigated as α and δ-HMX [53], α [54], β [55], and γ-RDX [56],
α (Monoclinic) and β (Orthorhombic)-TNT [57], PETN [58], Tetryl [59], and TATB [60]. We focus on
the mass density as it is the predominant factor for detonation density and pressure. The results of
the lattice parameters, volume, mass density, and density RSD of these 10 structures are summarized
in Table S1 in the Supplementary Information, compared with the predictions from vdW-DF2 and
rev-vdW-DF2 methods as well as experiments. The relative standard deviations of mass densities are
referred to the corresponding experiments. Particularly, we plotted the mass density RSD in Figure 5.

Figure 5. Relative standard derivative of the predicted mass density of the semihard materials.
The mass density RSD referring to the experiments using vdW-DF2, rev-vdW-DF2, and vdW-DFq
method for 11 common energetic materials molecular crystals and 3 typical layered van der
Waals crystals.

It shows that the recent developed rev-vdW-DF2 method is worse than conventional vdW-DF2
method in predicting the mass density of the energetic materials, and the proposed vdW-DFq method
has the best performance of the examined three vdW-DF methods. The root mean square error of
densities predicted from the vdW-DF2, rev-vdW-DF2, and vdW-DFq methods for the examined 11
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molecular crystals is 1.7%, 3.7%, and 1.4%, respectively. These results indicate that vdW-DFq method
with q = 1.05 might be a good first-principles approach to study energetic materials. This success
could be attributed to the similar electronic charge density gradients, because all these materials are
composed of similar elements of carbon, nitrogen, oxygen, and hydrogen, and all have similar mass
densities around 1.9 g/cm3.

In addition to energetic materials, we further study the mass density of the layered van der
Waals crystals [61,62]. Graphite, hexagonal boron nitride (h-BN), and molybdenum disulfide (MoS2)
are typical layered crystals. Their lattice parameters, volume, mass density, and density RSD are
summarized in Table S1 in the Supplementary Information.

As shown in Figure 5, the vdW-DFq method prediction also has good agreements with
experimental measurements. The performance of the vdW-DFq method is better than the vdW-DF2 and
rev-vdW-DF2 methods in the layered van der Waals crystals. For the total 14 structures, the root mean
square error of densities is 5.52%, 3.46%, and 1.37% for the vdW-DF2, rev-vdW-DF2, and vdW-DFq
methods, respectively. The better performance of the vdW-DFq method over the vdW-DF2 and
rev-vdW-DF2 methods in predicting the geometries of the 14 representative molecular crystals implies
that the proposed vdW-DFq method could also have good performance in modeling other semihard
materials. It is reasonable because the q value is calibrated and thus “localized” to semihard materials,
as opposed to the other two methods which aim at a universal method for all materials.

It is worth mentioning that graphite, h-BN, and MoS2 are actually highly anisotropic materials.
The success of our vdW-DFq method also suggests that, in some cases, finding correct equilibrium
configurations does not necessarily imply finding the correct dispersion interactions [63], but a
compromise of various approximations, which, however, vary from case to case. From this aspect,
it evidences the essential role of q that is tunable to optimize such an accommodation. It might be
expected that vdW-DFq method is a handy tool for various vdW systems on-demand.

4. Conclusions

In summary, we assess the performance of van der Waals (vdW) density functionals in predicting
the geometry of semihard materials. We propose a one-parameter empirical van der Waals density
functional named vdW-DFq to continuously tune the lattice constants by adjusting the enhancement
factor of the exchange energy functionals. We illustrate that the lattice constants and volumes can
be tuned over a wide range, and with a linear behavior in the vicinity of the q corresponding to the
experimental volume. The application on β-HMX shows that our method is simple and robust in
modeling various semihard materials. By one-parameter tuning, the vdW density functional can be
well calibrated to the experimental value. This method provides a controllable approach to accurately
model the mechanical, electrical, chemical, and other properties within the framework of van der Waals
density functionals. Further study on the 10 energetic material molecular crystals and 3 layered van der
Waals crystals shows that the proposed vdW-DFq method has better performance than the vdW-DF2
and rev-vdW-DF2 methods in predicting the geometries, which indicates that the vdW-DFq method
could be good at modeling semihard materials. Our investigation might also inspire computational
physicists to develop a better non-empirical vdW density functional. Nevertheless, our vdW-DFq
method is a on-demand handy tool for various vdW systems by tuning q value.
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Table 1. Geometry. Lattice constants a, b, c, lattice angle β, and volume of the unit cell V from various
methods along with the relative standard deviation (RSD%) compared with experiments.

a(Å) b(Å) c(Å) β V(Å3) RSD

Expt. a 6.537 11.054 8.7018 124.443 518.558

PBE b 6.673 11.312 8.894 124.395 553.99 6.8

PBE-D2 b 6.542 10.842 8.745 124.41 511.73 −1.4

PBE-D3 c 6.541 10.894 8.748 124.38 514.488 −0.8

PBE-TS c 6.530 10.985 8.770 124.572 517.992 −0.1

RPBE-D3 c 6.580 11.061 8.762 124.357 526.501 1.5

PBEsol c 6.603 10.928 8.709 124.002 520.949 0.5

vdW-DF 6.653 10.096 8.901 124.756 539.880 4.1

vdW-DF2 6.575 10.946 8.765 124.579 519.387 0.2

optB88-vdW 6.476 10.662 8.680 124.735 492.535 −5.0

optB86b-vdW 6.481 10.635 8.700 124.749 492.710 −5.0

optPBE-vdW 6.550 10.877 8.760 124.703 513.088 −1.1

vdW-DF-C09 6.435 10.494 8.650 124.807 479.676 −7.5

vdW-DF-cx 6.556 10.787 8.779 124.557 511.324 −1.4

rev-vdW-DF2 d 6.504 10.696 8.685 124.670 496.905 −4.2

vdW-DFq e 6.569 10.921 8.737 124.316 517.742 −0.16

optB86q f 6.922 11.773 8.985 121.986 620.991 19.8
vdW-DFk’ g 6.486 10.636 8.694 124.713 493.013 −4.9

a Ref. [50]; b Ref. [51]; c Ref. [64]; d q = 0.7114; e q = 1.05; f optB86q-GGA calculations only (without vdW-DF2
corrections); g using Zab = −0.8491.

5. Computational Method

We used a conventional unit cell with two HMX molecules. There are 56 atoms in total in one
unit cell. The periodic boundary conditions are applied in three normal directions. The first-principles
calculations based on density-functional theory (DFT) were carried out with the Vienna Ab-initio
Simulation Package (VASP) [65]. The Kohn-Sham Density Functional Theory (KS-DFT) [1] is employed
with the generalized gradient approximation as parameterized by Perdew, Burke, and Ernzerhof (PBE)
for exchange-correlation functionals [30]. We have examined two additional exchange-correlation
functionals: revised Perdew-Burke-Ernzerhof (RPBE) [66], and Perdew-Burke-Ernzerhof revised for
solids (PBEsol) [44].

The electrons explicitly included in the calculations are the 1s1 for hydrogen atoms, 2s22p2 for
carbon atoms, 2s22p3 for nitrogen atoms, and 2s22p4 for oxygen atoms. The core electrons are discribed
by the projector augmented wave (PAW) and pseudo-potential approach [67,68]. A energy cutoff
of 520 eV is applied in this study. All the vdW-DF calculations were done self-consistently using
the efficient algorithm of Román-Pérez and Soler [33], implemented in VASP by Kliměs et al. [18].
It is worth noting that it is not evident a priori that self consistency should necessarily lead to
higher accuracy: although self-consistent, vdW-DF and related methods still imply a number of
approximations which may be way larger than self-consistency vdW effects. One of these is the lack
of long-range many body effects which may amount to more than 10% of the total dispersion energy
(see [69–71], and can lead to unexpected features in highly anisotropic systems [72,73].

The criterion electronic relaxation is 10−6 eV. The optimized atomic geometry was achieved when
the forces on each atom is smaller than 0.001 eV/Å. The irreducible Brillouin Zone was sampled with
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a 5 × 3 × 4 Gamma-centered k-mesh. The other 13 structures are optimized using similar parameters
in DFT calculations.

Supplementary Materials: The following are available at http://www.mdpi.com/2073-4352/9/5/243/s1,
Supplementary information includes the lattice parameters, volume, mass density, and density relative standard
deviation of other 13 structures and is available in the online version of the paper. Correspondence and requests
for materials should be addressed to Q.P. (qpeng.org@gmail.com). About how to use our method in VASP.
We therefore write a “howto” file, as the supplementary.
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14. Lee, K.; Murray, Ḋ.; Kong, L.; Lundqvist, B.I.; Langreth, D.C. . Higher-accuracy van der waals density
functional. Phys. Rev. B 2010, 82, 081101. [CrossRef]

15. Hyldgaard, P.; Berland, K.; Schröder, E. Interpretation of van der waals density functionals. Phys. Rev. B
2014, 90, 075148. [CrossRef]

85



Crystals 2019, 9, 243

16. Berland, K.; Cooper, V.R.; Lee, K.; Schroeder, E.; Thonhauser, T.; Hyldgaard, P.; Lundqvist, B.I. Van der
Waals forces in density functional theory: A review of the vdW-DF method. Rep. Prog. Phys. 2015,78, 066501.
[CrossRef] [PubMed]

17. Klimeš, J.; Bowler, D.R.; Michaelides, A. Chemical accuracy for the van der waals density functional. J. Phys.
Condens. Matter 2010, 22, 022201. [CrossRef]

18. Klimeš, J.; Bowler, D.R.; Michaelides, A. Van der waals density functionals applied to solids. Phys. Rev. B
2011, 83, 195131. [CrossRef]

19. Cooper, V.R. Van der waals density functional: An appropriate exchange functional. Phys. Rev. B 2010,
81, 161104. [CrossRef]

20. Berland, K.; Hyldgaard, P. Exchange functional that tests the robustness of the plasmon description of the
van der waals density functional. Phys. Rev. B 2014, 89, 035412 [CrossRef]

21. Hamada, I. van der waals density functional made accurate. Phys. Rev. B 2014, 89, 121103. [CrossRef]
22. Peng, H.; Perdew, J.P. Rehabilitation of the perdew-burke-ernzerhof generalized gradient approximation for

layered materials. Phys. Rev. B 2017, 95, 081105. [CrossRef]
23. Terentjev, A.V.; Constantin, L.A.; Pitarke, J.M. Dispersion-corrected pbesol exchange-correlation functional.

Phys. Rev. B 2018, 98, 214108. [CrossRef]
24. Peng, H.; Yang, Z.; Perdew, J.P.; Sun, J. Versatile van der waals density functional based on a meta-generalized

gradient approximation. Phys. Rev. X 2016, 6, 041005. [CrossRef]
25. Terentjev, A.V.; Cortona, P.; Constantin, L.A.; Pitarke, J.M.; Sala, F.D.; Fabiano, E. Solid-state testing of a

van-der-waals-corrected exchange-correlation functional based on the semiclassical atom theory. Computation
2018, 6, 7. [CrossRef]

26. Csonka, G.I.; Perdew, J.P.; Ruzsinszky, A.; Philipsen, P.H.T.; Lebègue, S.; Paier, J.; Vydrov, O.A.; Ángyán,
J.G. Assessing the performance of recent density functionals for bulk solids. Phys. Rev. B 2009, 79, 155107.
[CrossRef]

27. Conroy, M.W.; Oleynik, I.I.; Zybin, S.V.; White, C.T. First-principles anisotropic constitutive relationships in
beta-cyclotetramethylene tetranitramine (beta-HMX). J. Appl. Phys. 2008, 104, 053506. [CrossRef]

28. Landerville, A.C.; Conroy, M.W.; Budzevich, M.M.; Lin, Y.; White, C.T.; Oleynik, I.I. Equations of state
for energetic materials from density functional theory with van der Waals, thermal, and zero-point energy
corrections. Appl. Phys. Lett. 2010, 97, 251908. [CrossRef]

29. Cui, H.-L.; Ji, G.-F.; Chen, X.-R.; Zhang, Q.-M.; Wei, D.-W.; Zhao, F. Phase transitions and mechanical
properties of octahydro-1,3,5,7-tetranitro-1,3,5,7-tetrazocine in different crystal phases by molecular
dynamics simulation. J. Chem. Eng. Data 2010, 5, 3121–3129. [CrossRef]

30. Perdew, J.P.; Burke, K.; Ernzerhof, M. Generalized gradient approximation made simple. Phys. Rev. Lett.
1996, 77, 3865. [CrossRef]

31. Ceperley, D.M.; Alder, B.J. Ground state of the electron gas by a stochastic method. Phys. Rev. Lett. 1980, 45,
566–569. [CrossRef]

32. Gulans, A.; Puska, M.J.; Nieminen, R.M. Linear-scaling self-consistent implementation of the van der waals
density functional. Phys. Rev. B 2009, 79, 201105. [CrossRef]

33. Román-Pérez, G.; Soler, J.M. Efficient implementation of a van der waals density functional: Application to
double-wall carbon nanotubes. Phys. Rev. Lett. 2009, 103, 096102. [CrossRef] [PubMed]

34. Wu, J.; Gygi, F. A simplified implementation of van der waals density functionals for first-principles
molecular dynamics applications. J. Chem. Phys. 2012, 136, 224107. [CrossRef] [PubMed]

35. Zhang, Y.; Yang, W. Comment on “generalized gradient approximation made simple”. Phys. Rev. Lett. 1998,
80, 890. [CrossRef]

36. Puzder, A.; Dion, M.; Langreth, D.C. Binding energies in benzene dimers: Nonlocal density functional
calculations. J. Chem. Phys. 2006, 124, 164105. [CrossRef]

37. Jurecka, P.; Sponer, J.; Cerny, J.; Hobza, P. Benchmark database of accurate (mp2 and ccsd(t) complete basis
set limit) interaction energies of small model complexes, dna base pairs, and amino acid pairs. Phys. Chem.
Chem. Phys. 2006, 8, 1985–1993. [CrossRef]

38. Vydrov, O.A.; Voorhis, T.V. Nonlocal van der waals density functional: The simpler the better. J. Chem. Phys.
2010, 133, 244103. [CrossRef]

39. Vydrov, O.A.; Voorhis, T.V. Nonlocal van der waals density functional made simple. Phys. Rev. Lett. 2009,
103, 063004. [CrossRef]

86



Crystals 2019, 9, 243

40. Vydrov, O.A.; Voorhis, T.V. Implementation and assessment of a simple nonlocal van der waals density
functional. J. Chem. Phys. 2010, 13, 164113. [CrossRef]

41. Sabatini, R.; Gorni, T.; de Gironcoli, S. Nonlocal van der waals density functional made simple and efficient.
Phys. Rev. B 2013, 87, 041108. [CrossRef]

42. Wellendorff, J.; Lundgaard, K.T.; Møgelhøj, A.; Petzold, V.; Landis, D.D.; Nørskov, J.K.; Bligaard, T.;
Jacobsen, K.W. Density functionals for surface science: Exchange-correlation model development with
bayesian error estimation. Phys. Rev. B 2012, 85, 23514. [CrossRef]

43. Kohn, W.; Sham, L.J. Self-consistent equations including exchange and correlation effects. Phys. Rev. 1965,
140, A1133–A1138. [CrossRef]

44. Perdew, J.P.; Ruzsinszky, A.; Csonka, G.I.; Vydrov, O.A.; Scuseria, G.E.; Constantin, L.A.; Zhou, X.; Burke, K.
Restoring the density-gradient expansion for exchange in solids and surfaces. Phys. Rev. Lett. 2008,
100, 136406. [CrossRef]

45. Murray, E.D.; Lee, K.; Langreth, D.C. Investigation of exchange energy density functional accuracy for
interacting molecules. J. Chem. Theory Comput. 2009, 5, 2754–2762. [CrossRef] [PubMed]

46. Perdew, J.P.; Wang, Y. Accurate and simple density functional for the electronic exchange energy: Generalized
gradient approximation. Phys. Rev. B 1986, 33, 8800–8802. [CrossRef]

47. Becke, A.D. On the large-gradient behavior of the density functional exchange energy. J. Chem. Phys. 1986,
85, 7184–7187. [CrossRef]

48. Hamada, I.; Otani, M. Comparative van der waals density-functional study of graphene on metal surfaces.
Phys. Rev. B 2010, 82, 153412. [CrossRef]

49. Choi, C.S.; Boutin, H.P. A study of crystal structure of beta-cyclotetramethylene tetranitramine by neutron
diffraction. Acta Crystallogr. Sect. B Struct. Sci. 1970, B 26, 1235. [CrossRef]

50. Herrmann, M.; Engel, W.; Eisenreich, N. Thermal-analysis of the phases of hmx using X-ray diffraction.
Z. Krist. 1993, 204, 121–128.

51. Peng, Q.; Rahul; Wang, G.; Liu, G.R.; De, S. Structures, mechanical properties, equations of state, and
electronic properties of β-hmx under hydrostatic pressures: A dft-d2 study. Phys. Chem. Chem. Phys. 2014,
16, 19972–19983, . [CrossRef]

52. Tao, J.; Zheng, F.; Gebhardt, J.; Perdew, J.P.; Rappe, A.M. Screened van der waals correction to density
functional theory for solids. Phys. Rev. Mater. 2017, 1, 020802. [CrossRef]

53. Cady, H.H.; Larson, A.C.; Cromer, D.T. The crystal structure of α-HMX and a refinement of the structure of
β-HMX. Acta Crystallogr. 1963, 16, 617–623. [CrossRef]

54. Choi, C.S.; Prince, E. The crystal structure of cyclotrimethylenetrinitramine. Acta Crystallogr. Sect. B
Struct. Sci. 1972, B28, 2857–2862. [CrossRef]

55. Millar, D.I.A.; Oswald, I.D.H.; Francis, D.J.; Marshall, W.G.; Pulham, C.R.; Cumming, A.S. The crystal
structure of beta-rdx-an elusive form of an explosive revealed. Chem. Commun. 2009, 562–564. [CrossRef]
[PubMed]

56. Olinger, B.; Roof, B.; Cady, H.H. The linear and volume compression of beta-hmx and rdx to 9 gpa.
In Symposium (Int) on High Dynamic Pressures; S INT COMP MIL DENS: Paris, France, 1978; pp. 3–8.

57. Golovina, N.I.; Titkov, A.N.; Raevskii, A.V.; Atovmyan, L.O. Kinetics and mechanism of phase transitions in
the crystals of 2,4,6-trinitrotoluene and benzotrifuroxane. J. Solid State Chem. 1994, 113, 229–238. [CrossRef]

58. Cady, H.H.; Larson, A.C. Pentaerythritol tetranitrate II: Its crystal structure and transformation to PETN I:
An algorithm for refinement of crystal structures with poor data. Acta Crystallogr. Sect. 1975, 31, 1864–1869.
[CrossRef]

59. Cady, H.H. The crystal structure of N-methyl-N-2,4,6-tetranitroaniline (tetryl). Acta Crystallogr. 1967, 23,
601–609. [CrossRef]

60. Cady, H.H.; Larson, A.C. The crystal structure of 1,3,5-triamino-2,4,6-trinitrobenzene. Acta Crystallogr. 1965,
18, 485–496. [CrossRef]

61. Björkman, T.; Gulans, A.; Krasheninnikov, A.V.; Nieminen, R.M. Van der waals bonding in layered compounds
from advanced density-functional first-principles calculations. Phys. Rev. Lett. 2012, 108, 235502. [CrossRef]

62. Geim, A.K.; Grigorieva, I.V. Van der Waals heterostructures. Nature 2013, 499, 419–425. [CrossRef]
63. Ambrosetti, A.; Ferri, N.; DiStasio, R.A.; Tkatchenko, A. Wavelike charge density fluctuations and van der

waals interactions at the nanoscale. Science 2016, 351, 1171–1176. [CrossRef]

87



Crystals 2019, 9, 243

64. Peng, Q.; Rahul; Wang, G.; Liu, G.R.; Grimme, S.; De, S. Predicting Elastic Properties of β-HMX from
First-principles calculations. J. Phys. Chem. B 2015, 119, 5896–5903. [CrossRef]

65. Kresse, G.; Hafner, J. Ab initio molecular dynamics for liquid metals. Phys. Rev. B 1993, 47, 558. [CrossRef]
66. Hammer, B.; Hansen, L.B.; Nørskov, J.K. Improved adsorption energetics within density-functional theory

using revised perdew-burke-ernzerhof functionals. Phys. Rev. B 1999, 59, 7413–7421. [CrossRef]
67. Blöchl, P.E. Projector augmented-wave method. Phys. Rev. B 1994, 50, 17953–17979. [CrossRef]
68. Jones, R.O.; Gunnarsson, O. The density functional formalism, its applications and prospects. Rev. Mod. Phys.

1989, 61, 689–746. [CrossRef]
69. Ambrosetti, A.; Alfè, D.; DiStasio, R.A.; Tkatchenko, A. Hard numbers for large molecules: Toward exact

energetics for supramolecular systems. J. Phys. Chem. Lett. 2014, 5, 849–855. [CrossRef]
70. Ambrosetti, A.; Reilly, A.M.; DiStasio, R.A.; Tkatchenko, A. Long-range correlation energy calculated from

coupled atomic response functions. J. Chem. Phys. 2014, 140, 18A508. [CrossRef]
71. Reilly, A.M.; Tkatchenko, A. Seamless and accurate modeling of organic molecular materials. J. Phys.

Chem. Lett. 2013, 4, 1028–1033. [CrossRef]
72. Ambrosetti, A.; Silvestrelli, P.L. Hidden by graphene—Towards effective screening of interface van der

waals interactions via monolayer coating. Carbon 2018, 139, 486–491. [CrossRef]
73. Ambrosetti, A.; Silvestrelli, P.L. Faraday-like screening by two-dimensional nanomaterials:

A scale-dependent tunable effect. J. Phys. Chem. Lett. 2019, 10, 2044–2050. [CrossRef] [PubMed]

c© 2019 by the authors. Licensee MDPI, Basel, Switzerland. This article is an open access
article distributed under the terms and conditions of the Creative Commons Attribution
(CC BY) license (http://creativecommons.org/licenses/by/4.0/).

88



crystals

Article

Insight into Physical and Thermodynamic Properties
of X3Ir (X = Ti, V, Cr, Nb and Mo) Compounds
Influenced by Refractory Elements: A
First-Principles Calculation

Dong Chen 1,2,3, Jiwei Geng 1, Yi Wu 2, Mingliang Wang 1,* and Cunjuan Xia 2,*

1 State Key Laboratory of Metal Matrix Composites, Shanghai Jiao Tong University, No. 800 Dongchuan Road,
Shanghai 200240, China; chend@sjtu.edu.cn (D.C.); gengjiwei163@sjtu.edu.cn (J.G.)

2 School of Materials Science & Engineering, Shanghai Jiao Tong University, No. 800 Dongchuan Road,
Shanghai 200240, China; eagle51@sjtu.edu.cn

3 Anhui Province Engineering Research Center of Aluminium Matrix Composites, Huaibei 235000, China
* Correspondence: mingliang_wang@sjtu.edu.cn (M.W.); xiacunjuan@sjtu.edu.cn (C.X.);

Tel.: +86-21-34202540 (M.W. & C.X.)

Received: 21 January 2019; Accepted: 14 February 2019; Published: 18 February 2019

Abstract: The effects of refractory metals on physical and thermodynamic properties of X3Ir (X = Ti, V,
Cr, Nb and Mo) compounds were investigated using local density approximation (LDA) and
generalized gradient approximation (GGA) methods within the first-principles calculations based
on density functional theory. The optimized lattice parameters were both in good compliance with
the experimental parameters. The GGA method could achieve an improved structural optimization
compared to the LDA method, and thus was utilized to predict the elastic, thermodynamic and
electronic properties of X3Ir (X = Ti, V, Cr, Nb and Mo) compounds. The calculated mechanical
properties (i.e., elastic constants, elastic moduli and elastic anisotropic behaviors) were rationalized
and discussed in these intermetallics. For instance, the derived bulk moduli exhibited the sequence
of Ti3Ir < Nb3Ir < V3Ir < Cr3Ir < Mo3Ir. This behavior was discussed in terms of the volume of unit
cell and electron density. Furthermore, Debye temperatures were derived and were found to show
good consistency with the experimental values, indicating the precision of our calculations. Finally,
the electronic structures were analyzed to explain the ductile essences in the iridium compounds.

Keywords: Ir-based intermetallics; refractory metals; elastic properties; ab initio calculations

1. Introduction

Ir-based superalloys have received intensive interest in the last decades due to their high melting
temperature as well as their improved strength, oxidation resistance and corrosion resistance at
higher temperatures [1–5]. Consequently, these intermetallics can be deemed a suitable choice for
high-temperature applications. For example, the cubic L12 intermetallic compounds Ir3X (X = Ti,
Zr, Hf, Nb and Ta) containing refractory elements could be proposed as “refractory superalloys”
based on their higher melting points and superior mechanical properties at higher temperatures [3–5].
Terada et al. [6] conducted measurements on thermal properties (i.e., thermal conductivity and thermal
expansion) from 300 to 1100 K, and found that the L12 Ir3X (X = Ti, Zr, Hf, Nb and Ta) compounds
were characterized by a larger thermal conductivity and a smaller thermal expansion. Chen et al. [7]
exhibited the elastic constants and moduli of binary L12 Ir-based compounds at ground states by
first-principles calculations, and reported the higher elastic moduli of these compounds together with
their brittle characteristics in nature. Liu et al. [8] studied the elastic and thermodynamic properties of
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Ir3Nb and Ir3V under varying pressure (0–50 GPa) and temperature (0–1200 K), and found that both
compounds were stable without phase transformations.

Meanwhile, the typical refractory intermetallics should also include A15 cubic structure
compounds with refractory metal elements. For example, Pan et al. [9] reported the mechanical
and electronic properties of Nb3Si using the first-principles method. By combining the first-principles
method with quasi harmonic approximation, Papadimitriou et al. [10–12] critically investigated the
mechanical and thermodynamic properties of Nb3X (X = Al, Ge, Si and Sn). Chihi et al. [13] theoretically
evaluated the elastic and thermodynamic properties of V3X (X = Si, Ge and Sn) intermetallics utilizing
the first-principles calculations. Jalborg et al. [14] determined the electronic structure of V3Ir, V3Pt and
V3Au using the self-consistent semi relativistic linear muffin-tin orbital (LMTO) band calculations.
Paduani et al. [15] investigated the chemical bonding behavior and estimated the electron-phonon
coupling constants of V3X (X = Ni, Pd, Pt) by the full-potential linearized augmented-plane-wave
(FP-LAPW) method.

Therefore, the Ir-based intermetallics with A15 crystal structure should also have the potential
to be applied as structural materials. These compounds have been studied for their structural and
electronic properties. For instance, Standanmann et al. [16] determined the lattice parameters of A15
X3Ir (X = Ti, V, Cr, Nb and Mo) compounds. Meschel et al. [17] reported the experimental standard
enthalpy of formation for V3Ir. Paduani and Kuhnen [18] studied the band structure and Fermi
surface of V3Ir using the FP-LAPW method, and discussed Knight shift behavior in the compound.
Paduani et al. [19] reported the electronic properties of Nb3Ir via FP-LAPW calculations. Nevertheless,
to our knowledge, the elastic and thermodynamic properties of X3Ir (X = Ti, V, Cr, Nb and Mo)
intermetallics have rarely been discussed.

This research is divided into the following parts. In the second section, the computational methods
of X3Ir (X = Ti, V, Cr, Nb and Mo) intermetallics are offered in detail. In the third section, the results
and discussions are presented and discussed based on the effects of refractory metals on the physical
and thermodynamic properties of X3Ir compounds, including structural properties, elastic propertie,
anisotropic behaviors, anisotropic sound velocities, Debye temperatures, and electronic structures.
In the fourth section, the conclusions are drawn and presented in detail.

2. Materials and Methods

The first-principles calculations were performed using the CASTEP code, which is based
on the pseudopotential plane-wave within density functional theory [20,21]. Using the ultrasoft
pseudopotential [22] to model the ion-electron exchange-correlation, both the generalized gradient
approximation (GGA) with the function proposed by Perdew, Burke and Ernzer (PBE) [23,24] and
the local density approximation (LDA) with Ceperley–Alder form [25] were used. Additionally,
the basis atom states were set as: Ti3s33p63d35s2, V3s23p63d35s2, Cr3s23p63d54s1, Nb4s24p64d45s1,
Mo4s24p64d55s1 and Ir5d76s2. Through a series of tests, the cutoff energy of 400 eV was determined.
In addition, a 10 × 10 × 10 k-point mesh in the Brillouin zone was set for the special points sampling
integration for the intermetallics. Both lattice constants and atom coordinates should be optimized
via minimizing the total energy. Furthermore, the Brodyden–Fletcher–Goldfarb–Shanno (BFGS)
minimization scheme was used for the geometric optimization [26,27]. Overall, the maximum stress
has to be within 0.02 GPa, the maximum ionic force has to be within 0.01 eV/Å, the maximum
ionic displacement has to be within 5.0 × 10−4 Å and the difference of the total energy has
to be within 5.0 × 10−6 eV/atom for the geometrical optimization. Finally, the total energy and
electronic structure were calculated, followed by cell optimization with a self-consistent field tolerance
(5.0 × 10−7 eV/atom). Using the corrected tetrahedron Blöchl method, the total energies at equilibrium
structures were derived [28].
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3. Results

3.1. Structural Properties

The X3Ir (X = Ti, V, Cr, Nb and Mo) intermetallics have a A15 cubic structure with the cP8 (No. 223)
space group. In a unit cell, six X atoms and two Ir atoms are dominated at the sites of 6c (0.25, 0, 0.5)
and 2a (0, 0, 0), respectively. For the sake of performing structural property optimizations on IrX3

compounds, the GGA method as well as the LDA method were utilized. The results are exhibited in
Table 1, showing that the derived lattice constants using both methods are close to the experimental
values [29–33].

Table 1. The optimized and experimental lattice parameters, the calculated deviations and densities for
X3Ir (X = Ti, V, Cr, Nb and Mo) compounds.

Compounds a0 (Å) aexp (Å)
Calculated

Deviation (%)
Density (g/cm3)

Ti3Ir 5.010 a 5.012 c −0.041 a 8.872 a

4.901 b −2.223 b 9.479 b

V3Ir 4.7842 a 4.7876 d −0.072 a 10.463 a

4.6913 b −2.012 b 11.099 b

Cr3Ir 4.652 a 4.685 e −0.712 a 11.489 a

4.651 b −0.732 b 11.496 b

Nb3Ir 5.1585 a 5.135 f 0.457 a 11.394 a

5.0777 b −1.116 b 11.946 b

Mo3Ir 4.9874 a 4.9703 g 0.344 a 12.986 a

4.9199 b −1.014 b 13.387 b

a: From the GGA method in this work: Theoretical values. b: From the LDA method in this work: Theoretical values.
c: From Reference [29]: Experimental values. d: From Reference [30]: Experimental values. e: From Reference [31]:
Experimental values. f: From Reference [32]: Experimental values. g: From Reference [33]: Experimental values.

In most compounds, the lattice constants generated by the GGA method offer much smaller
calculated deviations than the LDA method (Table 1). For instance, the a0(GGA) has the calculated
deviation of −0.041%, and a0(LDA) has the calculated deviation of −2.223% in comparison with aexp

in Ti3Ir. Clearly, the GGA method exhibited better reliability for structural optimization, and thus
giving a superior quality of calculation over the LDA method. As a result, the following calculation
work was accomplished only by GGA method.

3.2. Elastic Constants

In the crystalline materials, the elastic constant represented the capability of resisting the
exterior imposed stress. In such manners, a whole package of elastic constants was achieved to
characterize mechanical properties of crystals. By imposing small strains to the equilibrium unit cell,
elastic constants can be computed by determining the corresponding variations in the total energy.
Theoretically, the elastic strain energy was formulated by Equation (1):

U =
ΔE
V0

=
1
2∑6

i ∑6
j Cijeiej (1)

where V0 represents the cell volume at equilibrium state; ΔE represents the energy difference; ei and ej
represent the strains; Cij (ij = 1, 2, 3, 4, 5 and 6) represent the elastic constants.

In cubic structures, C11, C12 and C44 are nonzero elastic constants without mutual dependence.
In Table 2, the calculated elastic constants (Cij) for X3Ir intermetallics are shown, accompanied by the
available theoretical values [18,34–36] for comparison.
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Table 2. The elastic constant (Cij), Cauthy pressure (C12-C44), bulk modulus (B), shear modulus (G),
Young’s modulus (E), Poisson’s ratio (v) and B/G ratio for X3Ir (X = Ti, V, Cr, Nb and Mo) intermetallics.

Compounds
Cij C12–C44

(GPa)
B (GPa) G (GPa) E (GPa) v B/GC11

(GPa)
C44

(GPa)
C12

(GPa)

Ti3Ir 183.8 52.8 166.0 114.2 171.9 26.5 75.7 0.427 6.483
207.2 a 48.8 a 153.1 a 104.3 a 171.1 a 38.5 a 107.4 a 0.395 a 4.446 a

V3Ir 471.5 109.4 136.8 27.4 248.4 129.8 331.7 0.277 1.913
279.89 b

Cr3Ir 478.6 89.6 190.2 100.4 286.3 108.5 289.0 0.332 2.639

Nb3Ir 433.7 84.5 123.7 39.2 227.0 108.0 279.7 0.295 2.102
216.4 c

Mo3Ir 512.7 87.6 175.8 88.2 288.1 114.2 302.6 0.325 2.523
297.5 d

a: From Reference [34]: Theoretical values. b: From Reference [18]: Theoretical values. c: From Reference [35]:
Theoretical values. d: From Reference [36]: Theoretical values.

In the elastic constant, a larger C44 corresponds to a stronger resistance to monoclinic shear in the
(100) plane, and therefore symbolizes a larger shear modulus. For instance, V3Ir has the largest C44 and
shear modulus, exhibiting a superior capability to resist the shear stress. Furthermore, the compressive
resistance along the x axis is reflected by C11. For each compound, the derived C11 exhibited the biggest
value among elastic constants, suggesting that is has the greatest incompressibility under x uniaxial
stress. Among the compounds, Mo3Ir was the least compressible along the x axis because it had the
biggest C11 (512.7 GPa), and Ti3Ir was the most compressible owing to its small C11 (183.8 GPa)

Utilizing Born’s criteria [37,38], the essence of mechanical stability should be evaluated for cubic
crystals:

C11 > 0; C44 > 0; C11 − C12 > 0; C11 + 2 C12 > 0 (2)

Using the values in Table 2, all X3Ir compounds were found to have mechanical stability by
satisfying the Born’s criteria at the ground state.

The Cauchy pressure, illustrated as (C12–C44) [39], should be an effective indicator to evaluate
the ductile/brittle nature of cubic crystals. In Pettifor’s work [40], a more positive Cauchy pressure
symbolized better ductility in the compound [41]. In Table 2, the Cauchy pressures for X3Ir compounds
were all positive in the order of V3Ir < Nb3Ir < Mo3Ir < Cr3Ir < Ti3Ir, which means that X3Ir compounds
are naturally ductile. Such a result is in good compliance with the Cauchy pressure of Ti3Ir provided
by Rajagopalan [34]. Similarly, other A15 cubic crystals (i.e., V3X (X = Si and Ge) [13], Nb3X (X = Al,
Ge, Si and Sn) [10] and Nb3X (X = Al, Ga, In, Sn and Sb) [42]) have ductile characters owing to their
positive Cauchy pressures.

3.3. Elastic Properties

Once the elastic constants were achieved, the elastic moduli (i.e., bulk modulus (B) and shear
modulus (G)) could be computed by means of the Voigt–Reuss–Hill (VRH) method [43]. In cubic
structures, the equations are exhibited as [44–46]:

BV = BR =
1
3
(C11 + 2C12) (3a)

GV =
1
5
(C11 − C12 + 3C44) (3b)

GR =
5(C11 − C12)C44

4C44 + 3(C11 − C12)
(3c)
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B =
BV + BG

2
(3d)

G =
GV + GG

2
(3e)

When the elastic moduli are achieved, the Young’s modulus (E) and Poisson’s ratio (ν) should be
calculated in the second step [47]:

E =
9BG

3B + G
(3f)

ν =
3B − 2G

2(3B + G)
(3g)

Lastly, the computed elastic moduli for X3Ir compounds using the VRH method are tabulated in
Table 2 in combination with the available theoretical results for comparison [18,34–36]. Comparably,
our calculated bulk moduli showed satisfactory agreement with the theoretical values for Ti3Ir [34],
Nb3Ir [35] and Mo3Ir [36], and a value slightly smaller smaller than the theoretical one for V3Ir [18].

Analytically, the resisting capability against volume fluctuation under pressure is determined
by the bulk modulus. For X3Ir (X = Ti, V, Cr, Nb and Mo) intermetallics, the bulk moduli showed
the sequence of Ti3Ir < Nb3Ir < V3Ir < Cr3Ir < Mo3Ir. In References [48,49], a larger equilibrium cell
volume was reported to correspond to a lower bulk modulus in the cubic crystal. Observably, such
a conclusion is effective when the alloying elements are in the same cycle of the periodic table of
elements (Figure 1a). For example, the bulk moduli are improved in the order of Ti3Ir < V3Ir < Cr3Ir
depending on the reduced equilibrium cell volume. Similarly, the bulk modulus of Nb3Ir is smaller
than that of Mo3Ir with the larger equilibrium cell volume of Nb3Ir (Figure 1a). Nevertheless, when
the alloying elements are in the same group of the periodic table, the conclusion is valid for Nb3Ir <
V3Ir, but ineffective for Cr3Ir < Mo3Ir, where Mo3Ir actually has a larger equilibrium cell volume.

 
Figure 1. The relationship between bulk modulus and (a) volume of the unit cell or (b) electron density.

In order to further illustrate the relationship between the equilibrium cell volume and the bulk
modulus of X3Ir intermetallics, the linear dependence of the electron density on the bulk modulus is
exhibited in Figure 1b. Clearly, dividing the bonding valence (ZB) by the volume per atom (VM) can
deduce the electron density (n) in metallic compounds [50]. For X3Ir compounds, the electron density
(n) can be formulated as:

n(X3 Ir) = ZB(X3 Ir)/VM(X3 Ir) (4a)

where VM(X3Ir) represents the volume (cm3/mol) of X3Ir.
Rationalized by Vegard’s law [51], ZB(X3Ir) showed a bonding valence in (el/atom), and the

Reference [52] tabulated the bonding valence of the pure element:

ZB(X3 Ir) = (3ZB(X) + ZB(Ir))/4 (4b)
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Using this method, the linear dependence of the electron density on the bulk modulus was
identified through the calculated values. Conclusively, it is more precise to rationalize the bulk
modulus from the electron density, rather than the equilibrium cell volume.

Shear modulus (G) symbolizes the capability to resist shape fluctuation [44], and Young’s modulus
(E) is a measurement of resistance to tension and compression in the elastic regime [53]. Notably, there
is a linear dependence of the Young’s modulus on the shear modulus following the order of Ti3Ir <
Nb3Ir < Cr3Ir < Mo3Ir < V3Ir (Figure 2).

 
Figure 2. The relationship between shear modulus (G) and Young’s modulus (E).

Overall, the bigger bulk modulus over shear modulus for each X3Ir compound should reflect that
the X3Ir compound has an improved capability to resist volume fluctuation over shape fluctuation
(Table 2). This conclusion complies well with the available data regarding the dependence of the bulk
modulus on the shear modulus in other A15 intermetallics, i.e., Ti3Ir (X = Ir, Pt and Au) [34], V3X
(X = Si and Ge) [13], Nb3X (X = Al, Ga, In, Sn and Sb) [42] and Mo3X (X = Si and Ge) [54].

The Poisson’s ratio (−1 ≤ v ≤ 0.5) is used to quantify the stability of crystals against the shear
deformation [55]. Materials with improved plasticity should possess a larger Poisson’s ratio. The X3Ir
compounds have Poisson’s ratios in the order of V3Ir < Nb3Ir < Mo3Ir < Cr3Ir < Ti3Ir. This means that
Ti3Ir should be the most ductile, while V3Ir is most brittle. Additionally, the Poisson’s ratio provides
information on the bonding forces in solids [56]. The lower and higher limits are 0.25 and 0.5 for the
central force in a solid, respectively. For XIr3 intermetallics, the interatomic forces of intermetallics
should be central forces, since all the obtained values are located on this scale (Table 2).

The B/G ratio formulated by Pugh [57] is commonly adopted to quantitatively estimate the brittle
or ductile essence of metallic compounds. The critical B/G ratio to distinguish the brittle from ductile
material is 1.75. A smaller value is connected with the brittle nature, whereas a larger B/G ratio is
related to ductility. Furthermore, the revised Cauchy pressure ((C12–C44)/E) [58] was plotted against
the B/G ratio to clarify the extent of ductility intuitively (Figure 3). As a result, the ductility was found
to be enhanced in the order of V3Ir < Nb3Ir < Mo3Ir < Cr3Ir < Ti3Ir. This conclusion agrees well with
the analysis of the Poisson’s ratio. Clearly, Ti3Ir should be much more ductile than the other X3Ir
compounds (Figure 3).
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Figure 3. Revised Cauchy pressure (C12–C44)/E as a factor of the B/G ratio for X3Ir compounds.

3.4. Elastic Anisotropy

The universal anisotropic index (AU) can be used to evaluate the elastic anisotropy, which is also
referred to as the probability to introduce materials’ micro-cracks [59]. The index can be calculated via
Equation (5) [60]:

AU = 5
GV
GR

+
BV
BR

− 6 (5)

where BV (BR) and GV (GR) represent the symbols of the bulk modulus and the shear modulus at Voigt
(Reuss) bounds, respectively.

In the calculated elastic anisotropies, BV/BR, should be equal to 1 for cubic crystals (Table 3).

Table 3. The computed bulk and shear moduli at Voigt (Reuss) bounds, and the universal anisotropic
index (AU) for X3Ir compounds.

Compounds BV BR GV GR BV/BR GV/GR AU

Ti3Ir 171.9 171.9 35.3 17.8 1 1.984 4.922

V3Ir 248.4 248.4 132.6 127.0 1 1.044 0.220

Cr3Ir 286.3 286.3 111.4 105.6 1 1.055 0.277

Nb3Ir 227.0 227.0 112.7 103.3 1 1.091 0.455

Mo3Ir 288.1 288.1 119.9 108.4 1 1.106 0.532

Indeed, GV/GR has a decisive effect on the universal anisotropic index (AU). Figure 4 shows that
the universal anisotropic index increases linearly with the increment of the GV/GR value. A compound
with a smaller AU represents a weaker extent of anisotropy. Therefore, the universal anisotropy was
found to be reduced in the sequence of V3Ir < Cr3Ir < Nb3Ir < Mo3Ir < Ti3Ir. Generally, Ti3Ir has the
largest universal anisotropy, and V3Ir has the smallest. Because the experimental value is lacking for
comparison in these compounds, this calculation has to be evaluated in later research.

In addition, to further describe the anisotropy of X3Ir compounds, the directional dependence of
the reciprocal of the Young’s modulus was constructed for a three-dimensional (3D) surface according
to Equation (6) [48]:

1
E
= S11 − 2(S11 − S12 − S44

2
)(l2

1 l2
2 + l2

2 l3
2 + l2

1 l2
3) (6)

where Sij represents the usual elastic compliance constant obtained from the inverse of the matrix of
the elastic constant; l1, l2 and l3 represent the direction cosines in the sphere coordination.

If a crystal has ideal isotropic performance, the 3D directional dependence of the Young’s modulus
would show a spherical shape. In fact, the extent of deviation from the spherical shape symbolizes the
anisotropic extent. In Figure 5, X3Ir compounds showed the distinctive 3D figures of Young’s moduli
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with various deviations from a sphere. This confirmed that X3Ir compounds have anisotropic behaviors.
Obviously, Ti3Ir shows the largest deviation from the sphere shape along the <111> direction. On the
contrary, other X3Ir compounds exhibited different forms of deviation, and the most visible deviations
were observed along the zone axes. Finally, the extent of the elastic anisotropy for X3Ir obeyed the
sequence of V3Ir < Cr3Ir < Nb3Ir < Mo3Ir < Ti3Ir. This conclusion complies well with the result obtained
from the universal anisotropic index.

 
Figure 4. The correlation between GV/GR and the universal anisotropic index (AU).

Figure 5. The 3D surface construction of the Young’s modulus in X3Ir compounds. (The magnitudes of
Young’s moduli at different directions are presented by the contours along each graph with the unit of
GPa).

3.5. Anisotropic Sound Velocity and Debye Temperature

In the crystalline material, the sound velocities should depend on the crystalline symmetry in
combination with the propagating direction. In the cubic structure, [111], [110] and [001] directions
exhibited the pure transverse and longitudinal modes, accordingly. Regarding other directions, both
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quasi-transverse and quasi-longitudinal waves can work as the main sound propagating modes.
Therefore, the sound velocities formulated in the principal directions are listed as follows [61]:

[100]vl =
√

C11/ρ; [010]vt1 = [001]vt2 =
√

C44/ρ

[110]vl =
√
(C11 + C12 + C44)/(2ρ)

[1
−
10]vt1 =

√
(C11 − C12)/ρ; [001]vt2 =

√
C44/ρ

[111]vl =
√
(C11 + 2C12 + 4C44)/(3ρ)

[11
−
2]vt1 = [11

−
2]vt2 =

√
(C11 − C12 + C44)/(3ρ)

(7)

where vl (vt) represents the longitudinal (transverse) sound velocity; ρ represents the density (see
Table 1).

Overall, the longitudinal sound velocity along the [100] direction was only decided by C11. The
transverse modes along [010] and [001] directions were dependent on C44. The longitudinal sound
velocities along both the [110] and [111] directions were influenced by C11, C12 and C44.

Along the [100], [110] and [111] directions, the longitudinal sound velocities and the transverse
sound velocities are exhibited in Table 4 for each X3Ir compound. For each compound, the longitudinal
sound velocity followed the rising sequence of [100] < [110] < [111]. The sound velocities showed
anisotropic properties, further confirming the elastic anisotropic behaviors of the compounds.

These theoretically computed physical properties (i.e., elastic moduli and Poisson’s ratio) and
structural properties (i.e., density) should be adopted to calculate the Debye temperature (Θ) using the
following formula [54,62,63]:

Θ =
h
k
[
3n
4π

(
NAρ

M
)]

1
3
VD (8a)

where ρ represents the density (see Table 1); h represents the Planck’s constant (h = 6.626 × 10−34 J/s);
k represents the Boltzmann’s constant (k = 1.381 × 10−23 J/K); n represents the number of atoms per
formula unit; NA represents the Avogadro’s number (NA = 6.023 × 10−23/mol); M represents the
molecular weight (M(Ti3Ir) = 335.8 g/mol, M(V3Ir) = 345 g/mol, M(Cr3Ir) = 347.8 g/mol, M(Nb3Ir)
= 470.9 g/mol, M(Mo3Ir) = 480 g/mol); vD represents the average sound velocity in polycrystalline
materials. The latter is formulated as:

vD = [
1
3
(

1
V3

L
+

2
V3

T
)]
− 1

3
(8b)

where vT and vL represent the transverse and longitudinal sound velocities, respectively, as formulated
by the equations below:

vT =

√
G
ρ

(8c)

vL =

√
B + 4

3 G
ρ

(8d)
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Table 4. The anisotropic sound velocities (m/s), average sound velocities (m/s) and Debye
temperatures (K) for X3Ir intermetallics.

Crystalline
Orientation

Ti3Ir V3Ir Cr3Ir Nb3Ir Mo3Ir

[111] [111]vl 5226.6 6138.7 5942.8 5460.3 5583.6

[11
−
2]vt1,2

1629.2 3762.0 3311.6 3397.4 3301.0

[110] [110]vl 4763.3 5856.6 5744.8 5307.3 5466.2

[1
−
10]vt1

1416.9 5656.7 5010.3 5216.1 5093.6
[001]vt2 2440.3 3234.2 2792.4 2723.7 2597.2

[100] [100]vl 4551.4 6713.4 6454.1 6169.4 6283.3
[010]vt1 2440.3 3234.2 2792.4 2723.7 2597.2
[001]vt2 2440.3 3234.2 2792.4 2723.7 2597.2

vL 4833.4 6346.8 6124.7 5706.4 5822.9
vT 1728.8 3522.6 3073.2 3079.0 2965.2
vD 1962.7 3920.4 3444.0 3434.1 3320.0

Θ
233.3 487.9 441.0 396.4 397.8

238 a, 262.6 b 460 ± 10 c, 445 d 449 e 409 ± 8 c, 377 d 452 f, 325 g, 497.06 h

a: From Reference [64]: Experimental values. b: From Reference [34]: Theoretical values. c: From Reference [65]:
Experimental values. d: From Reference [66]: Experimental values. e: From Reference [67]: Experimental values.
f: From Reference [16]: Experimental values. g: From Reference [68]: Experimental values. h: From Reference [36]:
Theoretical values.

For each X3Ir compound, the derived Debye temperature (Θ) is tabulated in Table 4. Also, the
published experimental [16,64–68] and theoretical [34,36] values are included for comparison.

Generally, V3Ir had the largest Debye temperature, and Ti3Ir had the smallest. The calculated
Debye temperatures were in the order of Ti3Ir < Nb3Ir < Mo3Ir < Cr3Ir < V3Ir. Clearly, our results
revealed the reduced tendency of Debye temperatures with the M atom in the same group, i.e., Cr
(Lighter element) and Mo (Heavier element) are from Group-VIB, and V (Lighter element) and Nb
(Heavier element) are from Group-VB.

Comparably, the obtained Debye temperatures for Ti3Ir, V3Ir, Cr3Ir and Nb3Ir were all in excellent
agreement with the available experimental results [16,64–68]. For instance, the calculated Θ was
233 K for Ti3Ir. This agrees well with the experimental values reported by Junod et al. [64] with the
calculated deviation of 2.01%. Notably, the Debye temperature reported by Rajagopalan et al. [34] had
the calculated deviation of 10.3%, indicating the poor quality of the prediction in this work. However,
for Mo3Ir, the published experimental [16,68] and theoretical [36] Debye temperatures were quite
scattered, although our calculated values were closer to the experimental values from Staudenmann’s
report [16]. Nevertheless, more works are required on this compound.

Because both structural parameters and elastic moduli are incorporated to calculate the Debye
temperature, the superior quality of our calculation on these structural and elastic parameters using
the GGA method was evidenced by the smaller differences between the estimated and experimental
values of Debye temperatures.

3.6. Electronic Structures

Figure 6a–e exhibit the density of states (DOS) spectra representing the calculated electronic
structures for X3Ir compounds. The DOS spectra for these A15 cubic phases were similar to each other.
In a typical DOS spectrum, there are normally three regions, including the lower electron band, the
upper electron band, and the conduction unoccupied states around the Fermi level (EF). For example
(Figure 6a), the lower the electron band was mainly contributed by 4s electrons of Ti ranging from −55
to −57.5 eV. The upper electron band was occupied by 3p electrons of Ti ranging from −32 to −35 eV.
Around the Fermi level, the conduction unoccupied states were created through the hybridization
of mainly Ti3d electrons with Ti3p, Ir5d and Ir4p electrons. X3Ir compounds were plotted around the
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Fermi level at zero in all the total DOS (TDOS) and partial DOS (PDOS) spectra. Clearly, no any energy
gap can be found near the Fermi level. Therefore, their nature of metallicity was confirmed.

  

  

  
Figure 6. Total density of states (TDOS) and partial density of states (PDOS) spectra for (a) Ti3Ir, (b)
Cr3Ir, (c) Mo3Ir, (d) Nb3Ir and (e) V3Ir; (f) the correlation between metallicity and the Poisson’s ratio in
X3Ir compounds.

Furthermore, the electron density values can provide quantitative evidence of the metallic nature
in the bonding characteristics. Even at the Fermi surface, the electron density values were much larger
than zero. According to the electronic Fermi liquid theory [69], the metallicity of the compound has to
be estimated using Equation (9) [70]:

fm =
nm

ne
=

kBTDf

ne
=

0.026Df

ne
(9)

where
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kB represents the Boltzmann constant (k = 1.381 × 10−23 J/K);
T represents the absolute temperature;
Df represents the DOS value at the Fermi level;

nm and ne represent the thermally excited electrons and valence electron density of the cell, respectively;
ne is calculated by ne = N/Vcell (N represents the total number of valence electrons; Vcell represents the
cell volume).

Using the calculated metallicity values (fm), the correlation between metallicity and Poisson’s
ratios can be constructed for X3Ir compounds (Figure 6f). It was found that the Poisson’s ratios were
diminished with the reduction in metallicity in compounds with the order of V3Ir < Nb3Ir < Mo3Ir
< Cr3Ir < Ti3Ir. This indicated that a compound with higher metallicity in its bonds should possess
better ductility.

4. Conclusions

The effects of refractory metals on physical and thermodynamic properties of X3Ir (X = Ti, V, Cr,
Nb and Mo) intermetallics were investigated utilizing first-principles calculations. The conclusions are
listed as follows:

(1) Using the GGA method to structurally optimized the unit cell, smaller calculation deviations for
lattice constants were achieved as compared to those achieved using the LDA method.

(2) The calculated bulk moduli exhibited the increasing sequence of Ti3Ir < Nb3Ir < V3Ir < Cr3Ir <
Mo3Ir. Furthermore, the bulk moduli showed a linear relationship with electron densities. The
Young’s modulus showed a linear dependence on shear modulus following the order of Ti3Ir <
Nb3Ir < Cr3Ir < Mo3Ir < V3Ir.

(3) Based on the discussions on the Cauchy pressure, Poisson’s ratio and B/G ratio, the ductile essence
was found to be enhanced in the order of V3Ir < Nb3Ir < Mo3Ir < Cr3Ir < Ti3Ir.

(4) For X3Ir compounds, the extent of the elastic anisotropy for X3Ir obeyed the increasing sequence
of V3Ir < Cr3Ir < Nb3Ir < Mo3Ir < Ti3Ir via the analyses of the universal anisotropic indexes and
3D surface constructions.

(5) The Debye temperatures obtained for Ti3Ir, V3Ir, Cr3Ir and Nb3Ir were all in good agreement
with the results from experiments. Such good compliance proved the superior quality of our
calculations of the structural and elastic properties, since the computation of Debye temperature
is concerned with both structural and elastic parameters.

(6) The calculated electronic structures for X3Ir compounds showed similar features in the DOS
spectra. Furthermore, the metallicity of the compounds was calculated, and was correlated with
the Poisson’s ratios. This indicated that a compound with higher metallicity in its bonds should
possess better ductility.
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Abstract: Point defects are inevitable, at least due to thermodynamics, and essential for engineering
semiconductors. Herein, we investigate the formation and electronic structures of fifteen different
kinds of intrinsic point defects of zinc blende indium arsenide (zb-InAs ) using first-principles
calculations. For As-rich environment, substitutional point defects are the primary intrinsic point
defects in zb-InAs until the n-type doping region with Fermi level above 0.32 eV is reached, where the
dominant intrinsic point defects are changed to In vacancies. For In-rich environment, In tetrahedral
interstitial has the lowest formation energy till n-type doped region with Fermi level 0.24 eV where
substitutional point defects InAs take over. The dumbbell interstitials prefer < 110 > configurations.
For tetrahedral interstitials, In atoms prefer 4-As tetrahedral site for both As-rich and In-rich
environments until the Fermi level goes above 0.26 eV in n-type doped region, where In atoms
acquire the same formation energy at both tetrahedral sites and the same charge state. This implies a
fast diffusion along the t − T − t path among the tetrahedral sites for In atoms. The In vacancies VIn
decrease quickly and monotonically with increasing Fermi level and has a q = −3e charge state at the
same time. The most popular vacancy-type defect is VIn in an As-rich environment, but switches
to VAs in an In-rich environment at light p-doped region when Fermi level below 0.2 eV. This study
sheds light on the relative stabilities of these intrinsic point defects, their concentrations and possible
diffusions, which is expected useful in defect-engineering zb-InAs based semiconductors, as well as
the material design for radiation-tolerant electronics.

Keywords: point defects; formation energy; indium arsenide; first-principles; charged defects

1. Introduction

The III-V zinc-blende semiconductors are among the most important semiconductors, and have
recently received much attention since they have potential to be employed as base materials
for light-emitting diodes, infrared photodetectors, and spintronic devices, e.g., quantum-dot and
quantum-well applications [1–3]. The materials have been the subject of interest in a large variety
of experimental and theoretical investigations [4–6]. The III-V semiconductors are strong candidates
to be incorporated into high-performance opto-electronics due to their direct band gap and high
electron mobility [7,8]. In the family of III-V materials, InAs stands out because of its very high electron
mobility which can be as much as three times higher than those in InGaAs and GaAs [7,9]. Meanwhile,
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it also acquires a small direct band gap of 0.35 eV at room temperature and a low carrier effective
masses as well [10]. Together, these properties make InAs a promising candidate for incorporation
into next-generation nano-electronics [7]. Additionally, InAs has already been made successfully into
nanowires [11–13] and demonstrated to integrate well into novel field-effect transistor (FET) device
geometries [14–17].

Due to its important applications in electronics, extensive efforts have been put in studying the
electronic properties and performance of nanowire-based devices [18–20] and quantum dots [21]. It is
also desirable to understand the instabilities in these materials and devices under severe conditions
including radiation damage and their survivability under single event upset [22,23]. One of the
fundamental questions is the formation energy of point defects, which is essential to understand the
creation of defects from an energetics aspect. Moreover, thermodynamic arguments suggest that the
intrinsic or native defects will be inevitably present within a crystal at finite temperatures.

Under ambient conditions, InAs crystallizes into a cubic zinc-blende (zb) geometry with space
group F4̄3m (T2

d) [24]. The atomic structure of pristine zb-InAs in a conventional eight-atom unit
cell is depicted in Figure 1a, and we will limit our study to this type of crystalline structure. In this
computational study, we primarily focus on the formation energy of various point defects, providing
insights in understanding defect energetics within the bulk InAs crystal. For enhancing accuracy,
our calculations are performed at the Ab initio level using density-functional theory (DFT). Generally,
DFT describes reasonably well the structural properties, such as lattice constants and bulk moduli [25].
For a more accurate description of defect structures, we have carried out the investigation with
enlarged simulation cells (216 lattice sites systems) to ensure that the accuracy is within 0.02 eV/cell.
A 3 × 3 × 3 supercell with 108 In and 108 As atoms and referenced for defect calculations is illustrated
in Figure 1b. Our study aims to provide an extensive and accurate study of the intrinsic point defect
formation which is missed in the literature, e.g., a very recent computational study [26], but is highly
desirable.

(a) (b)

Figure 1. Atomic structures of pristine zinc blende InAs in (a) conventional unit cell with 4 In and 4 As
atoms and (b) 3 × 3 × 3 super unit cell with 108 In and 108 As atoms, referenced for defect calculations.
Here, the small yellow ball denotes As atoms, while the large silver balls are for In atoms.

The remainder of this paper is organized as follows. Section 2 presents the computational method,
including the formula for defect formation energy and the finite-size corrections, as well as the details
of DFT calculations. The results and analysis are presented in Section 3, discussing the Fermi-level
dependence of the formation energies of fifteen intrinsic defects in five groups under different chemical
environments and in various charge states. The conclusions are provided in Section 4.
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2. Methods

2.1. Defect Formation Energy

To reduce the artificial self-image interactions imposed by periodic-boundary conditions, defects
are generally modeled in an enlarged super cell. The selection of the super-cell size is a compromise
between the accuracy and the computing demands. In general, the formation energy for a defect
with charges in a semiconductor or an insulator has contributions from both ions and electrons. In a
super-cell formalism, for a defect or impurity X in a charge state q, its formation energy E f (Xq) is
computed by

E f (Xq, EF) = Etot(Xq)− Etot
bulk(q = 0)

− ∑
i

Δniμi + q(EVBM + EF) + Ecorr , (1)

where Etot(Xq) is the total energy of the super-cell containing the defect X in the charge state q,
Etot

bulk(q = 0) denotes the total energy of the pristine bulk supercell which is neutral and free of any
defects, Δni represents the number of atoms of species i added to (Δni >0) or removed from (Δni <0)
the supercell as a result of the defect formation, and μi = μbulk

i + Δμi corresponds to the chemical
potential of element species i. When an atom is added to the system, the associated electrons are
also added to the system and contribute to the formation energy. Such a contribution is described by
the chemical potential of electrons, known as the Fermi level EF at zero temperature. Here, EF of a
semiconductor is treated as an independent variable that can take any value within the bandgap. It is
worth noting that EF is measured with respect to EVBM, the energy of valence band maximum (VBM)
of the bulk material.

Since the exact value of the chemical potential μi in Eqaution (1) cannot be determined, it is treated
as a parameter for the formation energy calculations. As such, the defect formation energies are given
in the limiting conditions of As-rich and In-rich growth regimes. In the As-rich regime, the chemical
potential of As atoms is assumed to be the value in bulk As, whereas in the In-rich (As-poor) regime,
it corresponds to the chemical-potential difference between InAs and bulk In (and vice versa for the
chemical potential of In). For an in-depth discussion of formation-energy calculations, the reader is
referred to the following papers [27–30].

The correction term Ecorr in Equation (1) is used to remove the errors introduced by finite size
(L) effects and periodic-boundary conditions, such as spurious overlaps of neighboring defect wave
functions and, in case of charged defects, Coulomb interactions between image charges. There is
still extensive debate on the performance and applicability of different schemes of corrections [31–33],
e.g., Makov and Payne (MP) scheme [34], alignment-only scheme [35], Freysoldt, Neugebauer and
Van de Walle (FNV) scheme [36], Lany and Zunger (LZ) scheme [37]. The mutual relation between
various schemes and defining the conditions for their applications are discussed by Komsa et al. [38].
The classical MP scheme is adopted in this paper and gives the correction terms as

Ecorr(q, L) = Ecorr
mono + Ecorr

quad = −αq2

εL
+

A3

L3 . (2)

Here, the first term is the monopole Madelung term [32], while the second term is the third-order
quadrupole electrostatic correction. In addition, α is the Madelung constant of the crystal, q is the
charge of a defect state, embedded in a uniform compensating background charge, with the unit of e
(the positive electron charge). ε is the static dielectric constant. The third-order parameter A3 is taken
as a fitting parameter.

Several early studies indicated that the quadrupole correction does not always improve results,
leaving its utility somewhat in question [39,40]. Therefore, in this paper we only consider the leading
term of the monopole Madelung correction. The Madelung constant α is 1.638 for zinc blende cubic
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lattice of point charges, and 2.8373 for simple cubic lattice of point charges. Within the approximation
of a single charge monopole, we adopt α = 2.8373 for the cubic system. ε = 15.15 is chosen for the
static dielectric constant of InAs.

2.2. Details of Density Functional Theory Calculations

The conventional unit cell contains eight atoms (four In and four As atoms). We used
a 3 × 3 × 3 supercell containing 216 regular lattice sites, which consists of 108 In and 108 As
atoms before including defects. The total energies of the system and forces on each atom are
characterized via first-principles calculations within the framework of DFT. All DFT calculations
are carried out with the Vienna Ab-initio Simulation Package (VASP) [41,42] which is based on the
Kohn-Sham density-functional theory (KS-DFT) [43,44] with generalized gradient approximation
for the exchange-correlation functionals [45] as parameterized by Perdew, Burke and Ernzerhof
(PBE) and revised for solids (PBEsol) [46]. The electrons explicitly included in the calculations are
the 4d105s25p1 electrons (13 electrons) and the 4s24p3 electrons (5 electrons) for each of In and As
atom, respectively. The core electrons are replaced by the projector augmented wave (PAW) and
pseudo-potential approach [47,48]. A plane-wave cutoff of 400 eV is used in the geometry relaxation to
reduce Pulay stress. For all other calculations, we employ a plane-wave cutoff of 240 eV with accurate
and dense k-mesh, where the irreducible Brillouin Zone is sampled with a Gamma-centered 3 × 3 × 3
k-mesh. Moreover, the calculations were performed at zero temperature. The criterion for stopping the
relaxation of the electronic degrees of freedom is set by requiring the total energy change to be smaller
than 10−5 eV. The optimized atomic geometry is achieved through minimizing Hellmann-Feynman
forces acting on each atom until the maximum forces on ions become smaller than 0.01 eV/Å.

After the geometry optimization of a perfect crystal, we introduce defects by either removal
of an appropriate atom to create a vacancy, or addition of an extra atom to create an interstitial in
a pre-specified position (tetrahedral or dumbbell). The resulting structures were allowed to relax
energetically, permitting atoms to move in all three dimensions. Here, all geometry optimizations were
performed using the classical conjugate gradient algorithm.

It is well known that GGA level exchange correlation functions severely underestimate the band
gaps of semiconductors, although the the total energy of the system could be obtained with fairly and
satisfactorily accurate [49]. More accurate bandgap prediction require higher level exchange correlation
functionals including GW and HSE methods [25]. However, because the defective systems are in
general contain hundreds of atoms, for example, about 216 atoms in this study, it is unfeasible to carry
out higher levels (GW, or HSE for example) calculations. Therefore, here we used the experimental
(0.417 eV) of the band gap throughout this study, as previous efforts [31,49,50].

3. Results and Analysis

3.1. Atomic Structures of Intrinsic Defects

Under the ambient condition, InAs, one of the most important III-V semiconductors, has a cubic
3C zinc-blende crystalline configuration, We first optimized the geometry of the pristine zb-InAs with
lattice parameters measured between 6.0584 Å and 6.060 Å [51]. Our result with the lattice parameter
of 6.058 Å from GGA-PBEsol agrees well with previous GGA-PBE results of 6.059 Å [20], PBE-PW91
results of 6.061 Å [52], and experiment of 6.0588 Å reported by Thompson, Rowe, and Bubenstein in
1969 [53].

We then generated fifteen different defect configurations for intrinsic point defects in zb-InAs ,
as depicted in Figure 2. Each defect configuration sits around the center of a 3 × 3 × 3 supercell with
216 lattice sites, which ensures that the interactions between images become negligible. All these defect
configurations are fully relaxed so that the maximum amplitude of the forces on every atom is less
than 0.02 eV/Å . The final relaxed atomic structures of these fifteen configurations in neutral states
(charge q = 0) are displayed in Figure 2. For denotation of these point defects, we take the form of
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the element or vacancy (V) with a subscript of the site. For example, As110 means a configuration
with an As atom on the <110> dumbbell position, and InAs means a configuration with an In atom
substituting for an As atom on the site.

Figure 2. The atomic structures of 15 intrinsic point-defect configurations of zb-InAs after full geometry
optimization according to the minimum energy in neural charge state: (a) As100, (b) As110, (c) As111,
(d) Ast, (e) In100, (f) In110, (g) In111, (h) InT , (i) AsIn, (j) VAs, (k) AsT , (l) VAsAsIn, (m) InAs, (n) VIn,
(o) Int. Here, the small yellow spheres denote As atoms, while the large silver spheres denotes In atoms.

The defects in Figure 2 are divided into five groups. Group-1 is the dumbbell interstitial-type
point defects. The dumbbell configuration is characterized by two atoms of the same species sharing
one lattice site. There are three typical orientations: <100> , <110> , and <111> . Therefore, there
exist totally six dumbbell configurations: (a) As100, (b) As110, (c) As111, and (e) In100, (f) In110, (g) In111

as seen in Figure 2. Group-2 is the tetrahedral interstitial-type point defects. There are two kinds of
tetrahedral sites in a zb-InAs lattice: one is formed by four In atoms denoted as t site, and the other is
formed by four As atoms denoted as T site. Both In and As atoms could take either atom site, resulting
in four tetrahedral interstitial-type point defects: (d) Ast, (h) InT , (k) AsT , and (o) Int as presented in
Figure 2. Group-3 is the substitutional point defects, where a pristine As site is replaced by an In atom,
or vise versa. The two intrinsic substitutional point defects in zb-InAs are (i) AsIn and (m) InAs as shown
in Figure 2. Group-4 is the vacancy-type point defects. There are two types of intrinsic vacancy-type
point defects in zb-InAs : (j) VAs and (n) VIn, as displayed in Figure 2. The last Group-5 is a point-defect
complex such as VAsAsIn, which is formed by an As vacancy VAs combined with a substitutional As
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atom on the nearest-neighbor In site (AsIn), as demonstrated by Figure 2o. This defect is interesting
because an In vacancy VIn could attract a nearby As atom to fill it up, resulting in the VAsAsIn complex.
It is worth pointing out that the relaxed atomic structures of the dumbbell interstitial-type defect of
In111 and tetrahedral interstitial-type defect of AsT are also point-defect complexes, indicating they are
highly unstable. Next, we investigate the formation energies of all these different types of defects.

3.2. Defect Formation Energies

The formation energies of defects are computed according to Equation (1) for different charge
states from q = −4 to q = 4. In order to estimate the uncertainties caused by the finite size of supercells
as well as the spurious image interactions, we therefore evaluate the corrections, as detailed in Section 2.
As a result, we find the deviations up to 0.01 eV for defects with a charge of q = ±4. We regard these
values as unavoidable uncertainties which nevertheless do not significantly alter the main conclusions.

It is clear from the formula in Equation (1) that the formation energies of intrinsic defects will
depend on the choice of chemical potentials, i.e., the choice of reservoir with which equilibrium is
achieved. The chemical potentials are constrained by equilibrium conditions, which varies from case to
case, location to location, time to time. Here we only consider two extreme conditions: (1) As-rich and
(2) In-rich. Our results of the chemical potentials are computed as μbulk

As = −3.014 eV, μbulk
In = −2.389

eV, and μbulk
InAs = −6.574 eV.

Another factor we need to consider is the Fermi level EF, which is required for counting the
formation energies from the electrons’ contribution. However, the exact value of EF is very sensitive
to local environments including doping concentrations. Consequently, we have expressed the defect
formation energy as a function of EF which varies in the whole range of the electronic band gap.
The experimental value of the bandgap is 0.417 [51]. We adopted this value as the range for EF
in our study. In fact, the formation energy depends linearly on the Fermi level, as manifested in
Equation (1). The band-gap predicted from PBE solid is 0.142 eV, which is severely underestimated
from the experimental value of 0.417 eV, because the artificial self-interaction of electrons are not
excluded [54]. Here we have applied the “extended gap scheme” to map the calculated transfer levels
onto the experimental band gap [39]. The regime near the edge of the valence bands or VBM is the
p-type doped where EF is small. The regime near the edge of the conduction bands or CBM is the
n-type doped and EF is large and comparable to the band gap. The two two different regimes are
dislayed in the figures of the formation energies to mark the doping stage through out this study.

The formation energies of fifteen defect configurations in the dilute limit are computed using
the supercell method as aforementioned. It is worth mentioning that although the point defects are
generated in a non-equilibrium process, the relative formation energies of different configurations can
shed light on preferential locations and determine the accessible ground-state charge states, as well as
charge-state transition levels [54]. The formation energies as functions of EF in the As-rich and In-rich
environments for all these intrinsic defects in zb-InAs with all possible charge states from −4 to +4 are
displayed in the upper and lower panels of Figure 3, respectively. Our results show the distinctive
trend and significant variations of the formation energies under various charge states as functions of
EF for each point defect in both As-rich and In-rich environments. All calculated formation energies
lie between 1.0 eV and 9.0 eV. The general trend is that the formation energy decreases for negative
charge state (q < 0) but increases for positive charge state (q > 0) with increasing EF. The slope of
the formation energy as a function of EF is positively correlated with the charge state. For q = +4e,
the amount of the increment in formation energy is more than 1.5 eV as EF changes from VBM (0 eV)
to CBM (0.417 eV).
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(a)

(b)

Figure 3. Formation energies as functions of EF in the As-rich (a) and In-rich (b) environments for
fifteen different types of point defects in zb-InAs with all possible charge states from −4 to +4 +e.
The different doping regimes near valance bands (p-type) and conduction bands (n-type) are displayed.

The defect formation energy is the minimum energy for the generation of a defect. It is more
practical to analyze the minimum formation energies among all the possible charge states given the
fact that electrons have much higher mobilities (over three order of magnitude) than atoms. Therefore,
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we define the lowest formation energy of a defect as the minimum formation energy with respect to all
possible charge states with −4 ≤ q ≤ 4. We would focus on the discussion of the lowest formation
energies of these defects in the following subsections. For simplicity, the formation energy refers
to the lowest formation energy among various charge states hereafter until specified. Such lowest
formation energies as functions of EF for each of fifteen defective configurations are presented in
Figures S1 and S2 in the Supplementary Information for As-rich and In-rich environments, respectively.
Here, we only discuss the lowest formation energies for five selected defect groups in the following
subsections.

3.3. Formation Energy of Dumbbell Interstitials

As one atom squeezes itself into a lattice site taken by the same species in the pristine configuration,
a dumbbell interstitial-type point defect will be formed. We explicitly examined six dumbbell
interstitials of As100, As110, As111, In100, In110, In111 depicted in Figure 2. The configuration of In111

after relaxation becomes much different from the original < 111 > dumbbell structure (not shown here
but similar to Figure 2c for As111 with species switched). This result indicates that In111 is unstable
and will relax to a complex simultaneously. The formation energies of these six dumbbell interstitials
as function of EF in As-rich and In-rich chemical environments are shown in the left and right panel,
respectively, of Figure 4. In111 and As111 are found to have the two highest formation energies for both
cases, indicating that the < 111 > dumbbell configurations are unfavorable for either environment
and both In and As atoms.

(a) (b)

Figure 4. Formation energies as functions of EF under (a) As-rich and (b) In-rich environment for six
labeled dumbbell type point defects in zb-InAs with all possible charge states from −4 to +4 marked
with different colors.

For an As-rich environment, the As110 has over all the lowest energy among the six dumbbell
interstitials, followed by In110 and In100. It is worth noting that in the very light p-doped region
EF < 0.02 eV, In110 has slightly (<0.03 eV) lower formation energy than that of As110, which should
be indistinguishable within this DFT study. For an In-rich environment, the configurations with the
lowest three formation energies are In110, In100, and As110, similar to the As-rich case with switched
elements. Therefore, we can conclude that the dumbbell interstitials prefer < 110 > configurations in
zb-InAs under various charge states, chemical environment, and Fermi levels.

3.4. Formation Energy of Tetrahedral Interstitials

The tetrahedral sites are among the most energetic favorable sites for interstitials in diamond and
zinc-blende structures. The four intrinsic tetrahedral interstitials are studied explicitly for (1) As on
4-As formed tetrahedral site Ast, (2) As on 4-In formed tetrahedral site AsT , (3) In on 4-As formed
tetrahedral site Int, (4) In on 4-In formed tetrahedral site InT . Their corresponding formation energies
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are displayed in Figure 5 as functions of EF for both As-rich and In-rich chemical environments. In the
whole Fermi level, Int has the lowest formation energy for both chemical environments, followed by
InT . When EF > 0.26 eV, InT has the same formation energy as Int structure. In the very light p-doped
region of EF < 0.02 eV, Int prefers +4e charge states. With the increase of doping, Int prefers +3e
charge state in the p-doped region but +1e in the n-type doped region. The As tetrahedral interstitials
are much less common in all chemical environments because their formation energy are much larger
than that of In tetrahedral interstitials. AsT prefers +3e charge state, opposed to Ast with +1e or
neutral state, in both chemical environments. The energy difference between As and In tetrahedral
interstitials is larger in In-rich environment then that in As-rich environment.

(a) (b)

Figure 5. Formation energies as functions of EF in the (a) As-rich and (b) In-rich environment for four
tetrahedral-site interstitial type point defects in zb-InAs with all possible charge states from −4 to +4
marked with different colors. The y-axises are enlarged for viewing details.

The most interesting feature of the formation energy of tetrahedra interstitials is that for both
As-rich and In-rich environments, In atoms prefer the 4-As tetrahedral site until EF > 0.26 eV, where In
atoms have the same formation energy at both tetrahedral sites with the same charge state. The identical
formation energies and charge states suggest a fast diffusion for In atoms along the t − T − t − T
path among tetrahedral sites. Additionally, in an In-rich environment, the formation energies of In
tetrahedral interstitials are very low, less than 2 eV. Furthermore, for the p-doping case, Int has a small
formation energy of 1.3 eV and with the charge state of q = +3e. Here, the low defect formation
energy implies that the concentration of the corresponding defects is high under thermal equilibrium.
Therefore, in the In-rich environment, In atoms prefer a tetrahedral sites with fast diffusion along the
t − T − t path. The quantities that describe the diffusion dynamics, including diffusion energy barrier
and diffusion coefficients, deserve further study.

Finally, in In-rich environment, the formation energies of both AsT and Ast are much higher
(about 2 eV) than those of In counterparts, implying that As tetrahedral interstitials are energetically
unlikely to form. As a contrast, in the As-rich environment, all the formation energies of As and In
interstitials become close to each other. As a result, As-type tetrahedral interstitials are preferred in
this case with lower formation energies.

3.5. Formation Energy of Substitutionals

Next, we consider substitutional intrinsic point defects. Since we have two elements in the pristine
zb-InAs , there are only two substitutional intrinsic point defects, i.e., AsIn, and InAs. The formation
energies of these two substitutionals as functions of EF are displayed in Figure 6 for both As-rich and
In-rich chemical environments. As seen in this figure, the formation energies of substitutionals are
greatly affected by chemical environment. Under an As-rich environment, AsIn has a relatively low
formation energy, and is at least 1 eV lower than that of InAs. This result indicates that As atoms tend
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to replace In atoms at In lattice sites. As a result, the As concentration will be much higher. In addition,
As substitutionals favor neutral (q = 0) or lower positively charged states (q = +1,+2e).

(a) (b)

Figure 6. Formation energies as functions of EF in the (a) As-rich and (b) In-rich environment for two
substitutional type point defects in zb-InAs with all possible charge states from −4 to +4 marked with
different colors.

On the other hand, for an In-rich environment, In substitutionals are energetically favored, with its
formation energy only slightly lower than that of As substitutionals. Here, the difference of formation
energy between two substitutionals is much less than that in As-rich environment, implying that the
difference of concentrations between substitutionals will be much less than that in As-rich environment.

3.6. Formation Energy of Vacancies

Vacancy-type defects are known as the most common defects and play an important role in
vacancy-mediated diffusion and mass transports. There are two intrinsic vacancy-type point defects
in zb-InAs : VAs and VIn. We will only consider a point defect complex VAsAsIn. This complex is of
interest because it is closely related to VIn. When one vacancy is generated on an In atom site, one As
atom on a nearest-neighbor site might dissociate from the host and fill up this vacancy site, forming
the VAsAsIn complex. Here, we will not consider the As counterpart of VInInAs, since a previous study
has already reported that the defect complex of VInInAs is unstable and spontaneously relaxes back to
VAs single vacancy-type defect [26].

The formation energies of three vacancies related to intrinsic defects are plotted in Figure 7 as
functions of EF. For both As-rich and In-rich chemical environments, VIn decreases quickly and
monotonically with increasing EF. In addition, the charge state prefers q = −3e throughout the
whole range of EF. The decrease amounts are 1.2 and 1.3 eV for As-rich and In-rich environments,
respectively. Both VAs and VAsAsIn have a general trend of increasing in formation energy with EF
up to EF > 0.31 eV. The defect complex VAsAsIn has the highest formation energy among the three
vacancy defects, larger than 3 eV, indicating that this defect complex is much less favored than two
single-vacancy defects.
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(a) (b)

Figure 7. Formation energies as functions of EF in the (a) As-rich and (b) In-rich environment for
two vacancy-type point defects in zb-InAs with all possible charge states from −4 to +4 marked with
different colors.

For the As-rich environment, VIn has the lowest formation energy among three types of
vacancy-related defects. The monotonic decrease of formation energy from 2.56 eV at EF = 0 to 1.35 eV
at EF = 0.417 eV indicates that VIn defects are energetically favored, especially for n-type doping.
For the In-rich environment, on the other hand, VAs has the lowest formation energy, till EF > 0.2 eV,
implying that As vacancy becomes the dominant vacancy in p-doped In-rich zb-InAs . For n-type
doped zb-InAs , In vacancy is the majority vacancy for all chemical environments.

3.7. Lowest 6 Formation Energy of Point Defects

After comparison of the formation energies within each individual defect group, it is insightful to
compare all fifteen intrinsic point defects as a whole. For that purpose, we plotted six lowest formation
energies of fifteen defect configurations in a dilute limit as functions of EF in Figure 8 under two
extreme chemical environments, i.e., As-rich and In-rich one. The six lowest formation energies ordered
from low to high belongs to AsIn, VIn, Int, InT , VAs, and As110 at EF = Eg/2 = 0.209 eV at As-rich
environment. The corresponding order is Int, InT , InAs, AsIn, VAs, and VIn at In-rich environment.

(a) (b)

Figure 8. Six lowest defect formation energies in zb-InAs as functions of EF in the (a) As-rich and (b)
In-rich environment with all possible charge states from −4 to +4 marked by corresponding colors.

The chemical environment greatly changes the formation energies of intrinsic point defects. Six
lowest formation energies in an As-rich environment differ from those in In-rich environment for
species, amount, and charge states. For As-rich environments, the lowest formation energy is 1.24 eV
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for AsIn at EF = 0 win the charge state of q = +2e, and 1.59 eV for EF > 0.22 eV in the charge-neutral
state. Our results qualitatively agree with an earlier report that the AsIn defect has the lowest formation
energy in arsenic rich environments with the same charge status but much less formation energy. [55]
The discrepancy might attribute to the small supercell (only 64 atoms) in their study. The second
lowest formation energy belongs to vacancy-type VIn with the formation energy as low as 1.31 eV at
EF = 0.417 eV. All the other point defects have their formation energies larger than 1.6 eV, indicating
much smaller concentrations than those of AsIn and VIn defects.

On the other hand, for an In-rich environment, the lowest formation energies are among In
tetrahedral interstitials and substitutionals. For p-type doping, Int interstitials are dominant with the
lowest formation energy for EF < 0.24 eV. Actually, its smallest value is 1.33 eV at EF = 0. When
EF > 0.24 eV, the lowest formation energy among all intrinsic point defects is switched to substitutional
InAs with the minimum value of 1.715 eV at EF = 0.417 eV and the charge state of q = −2e. It is worth
noting that a previous study reported that Int interstitials have lowest formation energy, ranged from
0.3 to 1.55 eV, through out the whole Fermi level. [55] The difference might be due to the much smaller
system size in the previous study.

Overall, the minimum formation energy of an intrinsic point defect is predicted to be 1.24 eV
in zb-InAs with AsIn configuration. This is a substitutional point defect in an As-rich chemical
environment with the charge state of q = +2e in light doping regime. The predominant substitutional
point defects are expected useful in designing radiation-tolerant electronics and opto-electronics,
because the ubiquitous point defects reduce the separation of Frenkel pairs, and therefore enhance the
recombination of point defects under irradiation of high-energy particles. To increase the radiation
resistance, it is suggested to choose an As-rich chemical environment.

As a side note, these point defects accessed via first-principles calculations here could
be detected experimentally by photo-luminescence (PL) or Electron paramagnetic resonance
(EPR) spectroscopy [21]. Further experimental investigations are desirable for their irradiation
tolerance study.

4. Conclusions

We have systematically investigated fifteen different kinds of intrinsic point defects in single
crystalline zb-InAs using a supercell method by means of first-principles calculations within the frame
of density functional theory. These fifteen types of intrinsic point defects have been characterized
as five groups, namely dumbbell interstitials, tetrahedral interstitials, substitutionals, vacancies,
and complex. We have examined the formation energies of all of these intrinsic point defects as
functions of Fermi level EF in both As-rich and In-rich chemical environments with charge states
ranging from −4e to +4e in the dilute-solution limit including finite-size corrections. All fifteen
types of defect formation energies are found greatly affected by chemical environments. For As-rich
environment, substitutional point defects are the primary intrinsic point defects in zb-InAs until the
n-type doped region EF > 0.32 eV is reached, where the dominant intrinsic point defects are changed
to In vacancies. For In-rich environment, In tetrahedral interstitial has the lowest formation energy
till n-type doped EF > 0.24 eV region where substitutional point defects InAs take over. The < 111 >

dumbbell interstitials are found unfavorable among all the point defects. However, they prefer < 110 >

configurations, instead. The most interesting feature of the tetrahedral interstitials is that for both
As-rich and In-rich environments, In atoms prefer the 4-As tetrahedral site Int up to EF > 0.26 eV,
where In atoms acquire the same formation energy at both tetrahedral sites and the same charge state.
The identical formation energies and charge states strongly suggest a fast diffusion process for In
atoms along the path of t − T − t among various tetrahedral sites. The In-rich chemical environment
greatly reduces the formation energy of In tetrahedral sites, implying much higher concentrations.
In addition, VIn decreases quickly and monotonically with increasing EF, and its charge state prefers
q = −3e throughout the whole range of EF. The most popular vacancy-type defect is VIn in an As-rich
environment, but switches to VAs in an In-rich environment at p-type doped region of EF < 0.2 eV.

115



Crystals 2019, 9, 48

Our results shed light on relative stabilities of these intrinsic point defects, as well as their relative
concentrations and possible diffusions. This study is expected very insightful in defect-engineering
the zb-InAs based semiconductors, as well as material design for radiation resistant electronics and
opto-electronics.

Supplementary Materials: The following are available online at http://www.mdpi.com/2073-4352/9/1/48/s1:
Figure S1: Defect formation energy in As-rich environment, Figure S2: Defect formation energy in In-rich
environment.
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